
STANDARDISED HEARING LOSS RISK PROFILES WITH
STATE-SPACE MODELS

Marta Campi
Institut Pasteur

Université Paris Cité
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ABSTRACT

Hearing loss is a growing public health concern, affecting millions worldwide and contributing to
impaired communication, social isolation, and reduced quality of life. As a hidden condition, hear-
ing loss is typically diagnosed through behavioural tests like pure-tone audiometry, which often fail
to capture the full extent of auditory deficits. Additional tests, such as speech-in-quiet and speech-
in-noise, provide a more detailed understanding, yet they are underutilised due to limitations in
equipment availability and time constraints in clinical settings. To address these diagnostic limita-
tions, we propose an advanced method for profiling hearing loss dynamics by integrating audiogram
and speech test data for risk assessment and prevalence estimation. Our approach utilises state-
space models (SSMs), a mathematical framework that models hidden variables, accounting for the
unobservable aspects of hearing loss and inferring a common trend across population segments. We
develop a baseline state-space model relying solely on audiograms and an extended version that
incorporates speech tests, allowing us to capture multiple aspects of auditory function. A rigorous
inference procedure, using the estimated likelihoods of these models, is employed to test for sta-
tistical differences in auditory profiles across population segments, including by degree of hearing
loss, age and sex. This procedure thoroughly evaluates how specific population characteristics affect
auditory performance. Our ultimate goal is to establish a national benchmark for clinical practice
that supports personalised patient care, improving diagnosis, treatment planning, and monitoring of
hearing impairment. By integrating audiometric and speech data, we aim to create standardised risk
profiles that inform public health policy, guide targeted screenings, and facilitate timely interven-
tions for individuals at risk of progressive hearing loss.
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1 Introduction

The World Health Organization’s (WHO) ’World Report on Hearing’ [1] underscores the substantial global burden
of hearing loss, affecting over 430 million individuals, including 34 million children, who require rehabilitation.
Projections indicate that by 2050, more than 700 million people—1 in 10—will be affected. This issue not only
hampers communication but also poses significant societal and economic challenges, including increased healthcare
costs, reduced productivity, and lower educational outcomes. Hearing loss is linked to various adverse effects, such as
delayed language development in children, social isolation, depression, cognitive decline, and dementia [2].

Despite not being life-threatening, hearing loss increases the risk of serious health complications and severely affects
quality of life. The limited prevalence estimates often rely on small, non-representative studies focusing on specific
age groups and self-reports instead of objective audiometric testing [3, 4, 5, 6, 7, 8, 9, 10]. Many data sources date
back to the 1990s [11], yet the prevalence of hearing loss has likely increased with the aging population [12, 13, 14].
The need for more representative studies, especially in Europe, remains critical, as shown by a recent French study
estimating hearing loss prevalence at 8.5% to 16.1%, based on self-reports [15].

Hearing disorders arise from genetic, environmental, and age-related factors and have been investigated through var-
ious methodologies [16, 17, 18, 19, 20]. Sex differences in auditory processing have been identified, indicating that
males and females may experience hearing loss differently due to factors like noise exposure and physiological varia-
tions [21, 22, 23, 24].

Research in this field focuses on how cochlear damage and central auditory issues affect hearing sensitivity (attenua-
tion) and clarity (distortion), assessed through audiological tests. Plomp (1978) demonstrated that hearing loss impacts
speech perception in quiet and noisy environments [25, 26, 27]. Attenuation relates to the inaudibility of speech signals
due to pure-tone hearing loss, while distortion concerns clarity in auditory processing [28].

Clinical practice typically employs pure-tone audiometry and speech audiometry to evaluate these components. Pure-
tone audiometry measures the lowest detectable sound pressure levels for various frequencies [29]. In contrast, speech
audiometry evaluates speech recognition thresholds in quiet and noisy environments [30, 31, 32]. However, clinical
focus often prioritizes quiet assessments, although speech recognition in noise is more relevant for daily life commu-
nication.

Suprathreshold speech perception tests offer valuable insights into auditory deficits that standard audiometric testing
may overlook [33, 34]. Incorporating these assessments into clinical practice can improve diagnostic accuracy and
support personalized interventions for individuals with hearing loss [35].

In summary, accurate hearing assessment requires both pure-tone and speech tests to create a nuanced auditory profile
[36]. Advanced statistical and machine learning methods can integrate diverse data, including audiometric assessments
and cognitive evaluations, leading to improved diagnostic capabilities. Recent research focuses on classifying indi-
viduals based on audiometric patterns and understanding the relationships between these tests and speech recognition
abilities, ultimately contributing to a more comprehensive understanding of hearing loss [37, 38, 16, 17].

1.1 Risk Assessment in Hearing Loss: Policy Making and Clinical Practice Development

Efficient risk assessment tools are vital in precision medicine, significantly enhancing health and patient care. In
contrast to established frameworks like the Framingham Risk Score in cardiology [39] or oncology [40], the field of
hearing health currently lacks robust risk assessment mechanisms. Identifying individuals at higher risk for developing
hearing impairment and the progression of existing conditions is crucial for enabling timely interventions.

Policy-making for hearing health is essential due to frequent under-treatment, influenced by factors beyond the high
cost of hearing aids [41]. Low adoption rates of hearing aids stem from inadequate testing, poor device fitting, and
the inability to detect hidden hearing loss (also known as suprathreshold deficits), which standard audiometry often
overlooks. Societal challenges, such as limited accommodations, poor access to care, and a lack of awareness, further
exacerbate these issues [41]. This underscores the urgent need for comprehensive policies that make hearing aids more
affordable and accessible [42].

Developing standardized benchmark risk profiles for various population segments—including degrees of hearing loss,
age groups, and sex—can enhance policy-making. These profiles provide insights into demographic-specific needs
and risks, enabling personalized treatment plans and informing public health initiatives. Clinically, standardized risk
profiles assist healthcare professionals in setting hearing aid parameters more accurately, improving patient satisfac-
tion, and enabling the sharing of risk profiles while preserving data privacy. Furthermore, such profiles ensure early
identification of high-risk individuals, facilitating targeted screenings and timely interventions.
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Research on hearing loss prevalence underscores the importance of detailed demographic data, highlighting variations
across regions and age groups [43, 44, 45]. While primarily focused on prevalence estimation, these studies stress the
significance of demographic factors in developing nuanced risk profiles. For example, [46] discusses the burden of
hearing loss in the U.S., advocating for ongoing assessments to inform healthcare strategies, while [47] explores the
prevalence among older adults, revealing gaps that risk profiles could help address.

The CONSTANCES cohort study [2] illustrates these concepts, estimating that 6 million people—approximately 9%
of France’s population—are affected by hearing loss [48]. The study revealed a low rate of hearing aid use among
older individuals, emphasizing the need for targeted public health strategies and improved awareness and affordability
of hearing health services.

Building on [2], our study utilizes a dataset from Amplifon France, which includes 48,144 individuals aged 40 to 90
with symmetric hearing loss (defined as less than 15 dB difference in pure-tone average (PTA, detailed later) between
ears) [49]. For all individuals, data from pure-tone audiogram, a speech test in quiet, a speech test in noise, as well
as age and sex were available. Although this sample represents only 0.8% of the estimated hearing loss population in
France, it offers valuable insights into the behavior and characteristics of individuals with hearing loss.

1.2 State-Space Models for Standardised Risk Profiling in Hearing Loss

Building on existing literature concerning hearing loss, audiological diagnostic tests, clinical practices, risk assess-
ment, and prevalence estimation methods, our objective is to develop a method for profiling population dynamics
related to hearing loss. Additionally, we aim to establish a rigorous inference procedure to test differences between
population dynamics characterised solely by audiogram data and those that integrate speech tests. This approach will
help assess the added value of speech tests in hearing loss risk assessment. Ultimately, the proposed model seeks
to create a national benchmark for clinical practice, guiding policy-making and improving patient care through more
accurate and personalised interventions.

It is essential to recognise that hearing loss is an unobserved phenomenon revealed only through various measurements
that describe its progression and behaviour. Furthermore, hearing loss is not static; it evolves over time due to factors
such as ageing, noise exposure, environmental conditions, and other health issues. The relationships between different
frequencies in the pure-tone audiogram further complicate this evolution, introducing additional variability into the
process.

Recent advances in statistical methodologies for hearing loss studies offer valuable insights. For instance, [50] pro-
posed a multivariate mixed-effects model with order-restricted inference to analyse the natural progression of hearing
loss across different frequencies and age groups. This model acknowledges the monotonic relationship between age
and frequency-related hearing threshold elevation, emphasizing the importance of incorporating parameter constraints
to enhance the accuracy of hearing loss estimations and reduce misleading inferences. Similarly, [51] developed a
Bayesian log-normal distribution model to address complexities in analysing hearing threshold data, such as heavy-
tailed distributions, missing data, and censoring mechanisms, which are relevant in contexts like bacterial infections
and surgical interventions. Their approach underscores the need for advanced probabilistic methods to accurately
quantify risks associated with hearing loss progression.

In multicenter studies, complex correlation structures pose challenges. [52] developed an analytical framework to
properly account for multilevel correlations in clustered data—such as those between ears and testing sites—using a
linear mixed-effects model. Finally, [53] introduced a regression-based methodology to investigate how treatments
influence disease progression over time, providing a means to assess intervention efficacy through an interaction term
that measures changes in outcomes relative to historical progression. Collectively, these studies establish a foundation
for developing more sophisticated, constraint-aware statistical models that enhance understanding of hearing loss dy-
namics, quantify associated risks, and guide improved public health strategies and personalized clinical interventions.

Given this complexity, modelling hearing loss necessitates a thoughtful approach that addresses several key chal-
lenges. First, the frequency-interactive nature of hearing must be considered, acknowledging the nonlinear interactions
between frequencies. Second, the model must manage two primary error sources: observational error, arising from
human, environmental, or instrumental factors, and systematic error, encompassing consistent biases such as calibra-
tion issues or testing procedure biases. Lastly, age-related hearing loss should be a central component of the model, as
ageing significantly impacts hearing deterioration.

To effectively capture the dynamic and stochastic nature of hearing loss, we propose using state-space models (SSMs),
a sophisticated modeling approach well-suited for this purpose. SSMs are probabilistic graphical models that describe
the relationships between latent state variables and observed measurements [54]. They are particularly effective in
situations where standard regression methods may face challenges due to confounding variables. SSM frameworks
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enable us to incorporate a range of potential explanatory factors that may not be directly observable or readily available,
embedding them within a stochastic latent state evolution that models an interpretable structural component of the
observation process. These models are particularly adept at unravelling intricate temporal dependencies and nonlinear
behaviours, making them widely used in economics, biology, and epidemiology [55, 56, 57, 58, 59, 60].

SSMs excel in time series analysis by modelling temporal autocorrelation, which helps distinguish between process
variation (systematic error) and observational error [61]. In this hierarchical framework, two time series are involved:
the unobserved state, reflecting the true hidden state of the latent stochastic trend, and the observation series, represent-
ing measurements related to the state series. Systematic error captures variation in the underlying process over time,
while observational error accounts for discrepancies due to randomness or measurement imprecision. Fitting an SSM
allows us to obtain both observational parameters and hidden state estimates, providing a more accurate reflection of
the true state of nature.

These hidden states are crucial for risk profiling, enabling the identification of trends that indicate a higher risk of
hearing loss and informing targeted interventions. Moreover, SSMs facilitate the abstraction of numerous difficult-to-
observe covariate factors into a stochastic trend factor, capturing the long-term dynamics of hearing loss. This ability
to integrate the latent, evolving characteristics of hearing loss—along with frequency interactions, error sources, and
age-related changes—makes SSMs an ideal choice for our modelling hearing loss profiles.

Our work develops a class of SSMs that operates across the frequency domain of hearing rather than over time.
A visual characterisation of our framework is provided in Figure 1. This model accommodates both observational
and systematic errors, with the latent process representing underlying hearing sensitivity. The observed frequency
series corresponds to the audiogram, ordered from lowest to highest frequencies, forming a structured sequence of
measurements. Central to our approach is the hypothesis of an age based hearing performance age term structure,
influenced at a population level by a frequency specific stochastic period effect, denoted as κf , capturing a systematic
trend in hearing sensitivity across different frequencies and age groups. A characteristic system diagram explaining
the structure of the SSM we propose is presented in Figure 2. The proposed SSM framework will be demonstrated
to be particularly effective at modelling age-related hearing loss, where the progressive decline and complex interplay
between neighbouring frequencies align naturally with the SSM framework. High frequencies, which tend to exhibit
earlier and more pronounced declines, further highlight the importance of a model that captures these nuanced changes.

Additionally, the SSM framework excels at capturing the dependencies and nonlinearities inherent in hearing data.
We propose starting with the audiogram as the response variable to infer a baseline hearing trend reflecting hearing
loss across different frequencies for the overall population. This inferred trend is especially valuable as it represents a
latent, unobserved stochastic factor, offering insights into underlying patterns of hearing loss that standard audiometric
tests cannot directly measure. The SSM also accounts for autocorrelation in audiogram data, which arises from the
repetitive presentation of frequencies at various intensity levels during testing. By leveraging this autocorrelation, our
model provides a robust framework to understand age-related progression and frequency-specific variations in hearing
sensitivity.

The formulation of this SSM requires transforming raw audiogram data into proportions, where each proportion is
determined by setting an empirical quantile derived from the entire sample for each frequency. These quantiles act
as cut-off thresholds, and we compute the proportion of individuals exceeding these thresholds, identifying those
with poorer hearing performance. By applying several empirical, data-driven quantiles, we can observe how these
proportions vary across frequencies and age groups. The proportions serve as the response variables of the SSM
model, whose derived latent factors reflect how hearing loss progresses. We refer to this as the baseline model, which
can then be applied to analyze different population segments (i.e. degree of hearing loss, sex, etc.).

Figure 1 illustrates the concept behind the baseline model. Audiogram measurements from the sample population are
converted into proportions for each considered age group. We denote these proportions by πf , where f indicates the
frequency range, with values ranging from 0 to 1. Consequently, the trend κf is defined as the underlying progression
of hearing loss risk, which we assume to be ordered by frequencies, forming a latent vector in the model’s structure.

Following the model definition, we employ an autoregressive process of order 1. This structure dictates that only
the preceding frequency influences the subsequent one, facilitating a natural ordering in the frequency response. The
autoregressive assumption establishes that high-frequency responses are influenced by their lower-frequency coun-
terparts, effectively capturing the progressive nature of hearing loss across the frequency spectrum. The resulting
estimated parameters will represent the baseline hearing status common across all frequencies, i.e. α, while β will
capture sensitivity differences between frequencies. Both α and β can be derived from the latent trend κf , which
encapsulates systematic changes across frequencies over age.
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Figure 1: Baseline Model Presentation: We define hearing performance using audiograms categorized by age groups
and empirical quantiles for each frequency. We calculate the log-proportion of individuals exceeding these quantiles,
which serve as cut-off points for assessing hearing loss severity. The model incorporates a hidden hearing loss state
with an autoregressive structure of order 1, where each frequency influences the next, observed through the audiogram.
The output includes risk profiles that quantify the prevalence of hearing loss trends across frequencies and age groups
(κf ), a baseline reference for hearing loss by age (α), and the sensitivity of frequencies to the hidden hearing loss state
trend (β). Additionally, we analyze the model by degree of hearing loss and sex to reveal differences in risk profiles
and patterns.
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Figure 2: Baseline versus Extended Model: We evaluates two models, i.e., one based solely on audiograms and
the other integrating both audiograms and speech tests. The objective is to analyze how risk profiles differ across
population segments, including overall, by degree of hearing loss, and by sex. Inference procedures focus on hearing
loss severity indices h and h′, with similar considerations for sex. Detailed model specifications are outlined in
Subsection 2.3, while problem statements comparing different parameter spaces are introduced in Subsection 2.4.
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1.3 Contributions

We formulate the Campi-Peters-Morvan-Buhl-Thai-Van (CPMBT) model, a specific type of state-space structured
model. Similar to the widely used Lee-Carter model [62] in demography for mortality rate forecasting and the Nelson-
Siegel model in interest rate finance [63], the CPMBT model leverages established methodologies to analyze hearing
loss patterns and provides a population-level standardized reference benchmark of age-sex-frequency and age-hearing-
loss-degree-frequency specific risk profiles. The formulation of the model involves constructing hearing loss propor-
tions as well as speech-in-noise and speech-in-quiet proportions. Two models are considered: a baseline model based
solely on the audiogram and an extended model incorporating the speech tests in addition. Detailed inference pro-
cedures are discussed. We rely on a dataset comprising 48,144 individuals (representing approximately 0.8% of the
French population affected by hearing loss) with varying degrees of hearing loss, for whom age, sex, audiogram, and
two speech tests (in quiet and in noise) were collected. Our contributions are methodological and conceptual at differ-
ent levels of modelling of state-space models as well as their application in hearing loss. These are multiple and given
as follows:

• Model Formulation. We formulate the CPMBT model as an innovative state-space structured approach
designed to deliver national benchmark references for various risk profiles, including age-frequency, age-
hearing-loss-degree-frequency, and age-sex-frequency categories. This model extends traditional state-space
frameworks from their conventional time-domain applications to the frequency domain, providing a fresh
perspective on hearing loss dynamics across different frequencies. By integrating both the relationship across
threshold tests, such as pure-tone audiograms and speech tests, and the risk profiling task, the CPMBT model
offers a comprehensive solution. It simultaneously addresses the interplay between different assessment
methods and the construction of detailed risk profiles, enhancing both the accuracy of hearing loss assess-
ments and the understanding of underlying auditory mechanisms.

• Hearing Loss Risk Profiling Definition. Our approach estimates hearing loss incidence proportions across
various age groups, sexes, and degrees of hearing loss severity using empirical quantiles derived from the
entire population. By calculating the proportion of individuals within each age cohort who exceed data-
driven dB empirical quantiles, we identify those with respective poorer hearing performance. We provide
a methodological solution for the derivation of demographic curves descriptive of hearing loss dynamics
across age and frequency domains. Our model is designed to be extendable. By incorporating additional
data sources, such as survey responses or other audiological tests, we can refine these profiles further. This
comprehensive approach enhances our understanding of hearing loss and improves the precision of targeted
interventions.

• Relationships between Pure-Tone Audiogram and Speech Tests. The CPMBT model incorporates speech
tests into the analysis, providing a comprehensive inference framework that accounts for both sensitivity to
sound and clarity of speech perception. By exploring the relationship between speech-in-quiet and speech-in-
noise scores and pure-tone thresholds, the model identifies the explanatory power of the speech tests, thereby
enhancing the precision of tailored interventions and informing public health strategies.

The rest of the paper is organized as follows: Firstly, we present the model and the problem statements. Secondly,
we present the partial linear regression framework adapted to the introduced state space model. Following this, a data
description section is presented, followed by the results. Lastly, we provide discussion and conclusions.

2 Model Presentation & Problem Statements

This section outlines the baseline and extended state-space models, which are applied to the study population and
subgroups based on hearing loss degree and sex. After introducing the necessary notation, the process of constructing
hearing loss proportions and deriving empirical quantiles is explained. The models and their formulations are then
presented, followed by the problem statements. Finally, the marginal likelihood derivations needed for statistical
testing are provided.

2.1 Notation

Our approach frames an audiogram as a time series over the frequency domain, where patients’ responses to pure
harmonics (or tones) at sequentially ordered frequencies are recorded. We aim to characterise these responses across
age, frequency, and intensity by developing a model capturing relationships along these three axes to quantify hearing
loss incidence. In this subsection, we introduce the formal definitions required to develop our model framework and
the model itself.
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Consider a dataset where we group patients into 5-year age intervals defined as [40−45], [45−50], [50−55], . . . , [85−
90]. Let the index for these age groups be denoted by p, where p ∈ {1, 2, . . . , P}. Now, define the random variable
Xn,p,f as representing the pure tone stimulus response in decibels Hearing Level (dB HL, the standard audiometric
measurement scale) for the n-th patient who belongs to age group p at frequency f , where f ∈ {f1, f2, . . . , fF } and
f1 < f2 < · · · < fF . Here, F corresponds to the total number of frequencies measured, which in this context is
F = 11, with the specific frequencies typically being the standard audiogram measurements frequencies that exist in
a bandwidth defined between 125 Hz through to 8, 000 Hz. The total number of people is denoted by N , while the
number of people in each age group p is denoted by Np, with N =

∑P
p=1 Np.

For each subject, we consider audiogram measurements as a time series trajectory ordered from lowest to highest
frequency (125 Hz to 8, 000 Hz). These measurements can be considered as realisations of a stochastic process of
the audiogram performance for a given subject of a given age, sex and hearing loss severity diagnosis, denoted by
random vector, denoted by Xn,p(f) := {Xn,p,1, Xn,p,2, . . . , Xn,p,F }. Define X = {x1, x2, . . . , xI} the set of all
possible hearing thresholds (in dB HL), for which random variable Xn,p,f takes its values for each frequency f , such
that Xn,p,f ∈ X . Then an observed audiogram measurement sequence can be written as xn,p ∈ XF , corresponding to
a row vector of dimension F for age group p and patient n. By considering Np the number of participants in age group
p, we obtain the random matrix X.,p,. ∈ XNp×F whose observed realisation is xNp×F , which captures the responses
of Np patients in the age group ap. All subjects’ samples collected in this work are affected by hearing loss and are
further categorised according to their pure tone average (also known as PTA). More details on this aspect are given
below.

Consider now the two random variables S(Q)
n,p and S

(N)
n,p reflecting the speech reception threshold, SRTQ, and signal-to-

noise-ratio, SRTN , obtained from the speech-in-quiet and speech-in-noise tests of patient n belonging to age group p,
respectively. Define S(Q) = {s(Q)

1 , s
(Q)
2 , . . . , S(Q)} and S(N) = {s(N)

1 , s
(N)
2 , . . . , S(N)} the sets of all possible SRTQ

and SRTN values, respectively, then S
(Q)
n,p ∈ S(Q) and S

(N)
n,p ∈ S(N). An observed realisation of S(Q)

n,p is denoted as
s
(Q)
n,p and a realisation of S(N)

n,p is denoted as s(N)
n,p and corresponds to the two values of SRTQ and SRTN for patient n in

the age group p, when each patient’s SRTQ and SRTN are stacked into matrices one may define the random matrices
{S(Q)

Np×1}Pp=1 and {S(N))
Np×1}Pp=1.

Through a regression state space model, which accommodates age term structure hearing performance, we aim to
analyse the dynamics of the time series Xn,p(f) across age, frequency, and intensity dimensions. The model operates
on hearing loss log proportion, defined for each audiological test using quantiles computed over the entire population
(introduced in the following subsection). Our research presents a novel approach by defining a baseline model con-
structed with the audiogram data and an extended model incorporating SRTQ and SRTN to observe their statistical
significance with respect to age, frequency, and intensity of the audiogram.

2.2 Hearing Loss Proportion

When developing the SSM formulation, the data from the audiogram, SRTQ and SRTN measurements is transformed
to proportions of exceedence for a given hearing severity level based on total population empirical quantile levels, per
age group and per frequency. This allows for dimension reduction in the data, reducing a large sample of patients
measurements per frequency to a single scalar proportion measure, treated as a time series over the frequency domain,
that characterises the degree of hearing performance for a given category of hearing loss severity by age group and
sex. A summary of the procedure is provided in Figure 3. The process creates a standardized measure of performance
for each hearing loss severity category, relative to the entire population, that is beneficial when developing a set of
standardised hearing loss performance measures. This method further helps address heterogeneity across the frequency
domain and age groups by standardising the data into comparable proportions. This reduces the impact of outliers and
noise, leading to a more robust and reliable analysis that accounts for variability within the population.

2.2.1 Population Relative Performance Thresholds via Empirical Quantiles

The data set of audiogram performance measurements for a set of N total patients is transformed into hearing loss
severity category specific relative proportions by age and frequency, based on a set of D relative performance thresh-
olds. These relative performance thresholds at each frequency are obtained based on the following empirical quantile
levels of the total population’s performance. Computing the proportion of individuals exceeding these thresholds
within each subgroup provides a measure of relative performance. The threshold levels are based on increasing proba-
bility levels d ∈ {0.2, 0.4, 0.6, 0.8, 0.9} (here D = 5), that in turn will produce a set of performance thresholds based
on the emprical quantiles associated with these probablity levels.
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Figure 3: Construction of hearing threshold proportions at frequency f11 = 8, 000 Hz (using same representation
as in Figure 4). The proportion construction focuses on individuals whose thresholds exceed the empirical quantile
Q11(0.2) = 60 dB HL. These individuals are grouped by age, and Mp,11(0.2) represents the count of people with
thresholds above 60 dB. Dividing this by the total number of individuals in each age group (Np) gives the proportion
π11 for each age group.

The empirical quantile Qf (d) for frequency f of the audiogram data samples is defined using the empirical cumulative
distribution function (ECDF) of the data comprising N total number of patients as

Qf (d) = F̂−1
X·,·,f

(d) with F̂X·,·,f (x) =
1

N

N∑
i=1

1(X·,·,f ≤ x)

where F̂X·,·,f is the empirical cumulative distribution function (ECDF) for the data related to frequency f , and
1(X·,·,f ≤ x) is an indicator function that equals 1 if X·,·,f ≤ x and 0 otherwise, and N is the total number of
observations. Empirical quantile based thresholds are also selected in an analogous manner for the SRTQ and SRTN

observed sample data across the total N patients and denoted by Q(Q)(d) = F̂−1

S
(Q)
·,·

(d) and Q(N)(d) = F̂−1

S
(N)
·,·

(d). The

resulting empirical quantiles are summarised in Supplementary Appendix Table 1.

Empirical Quantiles

Probabilistic Level Frequencies SRTQ SRTN

d Q125 Q250 Q500 Q750 Q1000 Q1500 Q2000 Q3000 Q4000 Q6000 Q8000 Q(Q) Q(N)

20% 20 20 20 25 25 30 35 45 50 55 60 36 1
40% 25 25 30 30 35 40 45 55 60 65 70 42 3
60% 30 30 35 40 40 50 55 60 65 75 75 48 4
80% 40 40 45 50 50 60 60 70 75 85 85 56 7
90% 50 50 55 55 60 65 70 75 80 95 95 62 10

Table 1: Empirical quantiles for each individual frequency of the audiogram, the SRTQ and SRTN .

Figure 4 presents five panels, each showing boxplots of audiogram frequencies for the entire population. The red lines
in each plot correspond to the empirical quantiles, one for each of the five probabilistic levels d, as given in Table
1. The gray areas indicate the portion of individuals who did not exceed the empirical quantiles and are therefore
excluded from the computation of the proportion. As we move across the five panels, it becomes evident that the
empirical quantiles capture different segments of the underlying population. An equivalent picture considering the
hearing loss degree is given in the Supplementary Information, Section 8.
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Figure 4: The figure displays boxplots of audiogram thresholds across frequencies, with the x-axis ordered by fre-
quency and the y-axis inverted to show higher dB levels at the top. Each plot corresponds to a different quantile level
Qf (d), marked by red dashed lines, ranging from the 20th percentile in the top left to the 90th percentile in the bottom
right, as outlined in Table 1.

2.2.2 Transforming Sample Audiogram Data to Hearing Severity Relative Proportion Time Series

For each of the empirical quantiles Qf (d) and the audiogram data matrices for each age group {XNp×F }Pp=1, one
counts how many patients within each frequency column exceed Qf (d), for each of the P matrices, giving relative
proportions

πp,f =
1

Np
Mp,f (d) =

1

Np

Np∑
n=1

1{Xn,p,f > Qf (d)} (1)

Thus, Mp,f (d) represents the number of participants in age group p for whom the hearing threshold at frequency f
exceeds the empirical quantile Qf (d). Equivalently, for the SRTQ and the SRTN one obtains relative proportions using
alternatively the counts M (Q)

p (d) =
∑Np

n=1 1{S
(Q)
n,p > Q(Q)(d)} and M

(N)
p (d) =

∑Np

n=1 1{S
(N)
n,p > Q(N)(d)}. This

procedure produces time series vectors over frequencies {πf (d)}f=1:F = {[πp,1(d), . . . ,πp,F (d)]}, and analogous
quantities π(Q)(d) and π(N)(d) that are inputs to the state space modelling.

Note that we apply a log transformation and centering to πf , resulting in a logarithmic central hearing loss proportion
denoted by π̃f . Specifically, this transformation involves taking the natural logarithm of πf , which helps stabilizing
the variance by reducing the effect of outliers and compressing the range of the proportions, thereby mitigating the
impact of extreme values. The centered log values then allow for a more symmetric distribution around zero. This
transformation ensures homoskedasticity, meaning that the variance of the residuals remains constant across different
frequencies, which is crucial for the assumptions underlying many statistical models, including state space models.
By transforming the proportions to the real line, we can treat them as continuous variables without the constraint
of being bounded between 0 and 1, allowing the model to effectively accommodate differences across frequencies
while maintaining consistent statistical properties and improving interpretability. More information is provided in the
Supplementary Information.

Regarding the interpretation of these threshold exceedence proportions we note that the successful detection of sounds
at higher thresholds Qf (d) for a given frequency, or at higher thresholds in SRTQ and SRTN conditions, indicates
that these individuals have more severe hearing loss. Higher detection thresholds correspond to poorer hearing sensi-
tivity. Thus, when computing proportions for these thresholds, we are capturing the ability of individuals with more
pronounced hearing loss to detect sounds, relative to the empirical quantiles of the hearing thresholds. Throughout the
rest of the paper, we will refer to pure-tone proportion, SRTQ and SRTN proportion, respectively.
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2.3 The Campi-Peters-Morvan-Buhl-Thai-Van (CPMBT) State-Space Model

We now introduce the proposed SSM formulation, presented generically with the understanding that the model fitting
may be performed both for the entire population and for subgroups defined by different degrees of hearing loss and
sex. We note that the index for the threshold level d is dropped from notation for the general representation below,
however it is understood that each of the Baseline and Extended models will be fit to provide a standardised population
profile for each of the d ∈ {1, . . . , D} levels of performance. We seek a dynamic structural explanation of the age
term structure proportions, π̃f of relative hearing loss performance per frequency under the SSM dynamics given by

MB,d : Baseline Model.
π̃f = α(B) + β(B)κ

(B)
f + ϵ

(B)
f ,

κ
(B)
f = θ(B) + ϕ

(B)
1 κ

(B)
f−1 + ω

(B)
f

(2)

ME,d : Extended Model.
π̃f = α(E) + β(E)κ

(E)
f + γ⊺

(Q) π
(Q) + γ⊺

(N) π
(N) + ϵ

(E)
f ,

κ
(E)
f = θ(E) + ϕ

(E)
1 κ

(E)
f−1 + ω

(E)
f

(3)

The model parameters are each interpreted as specified in the following Table 2. Each model parameter is indexed by
B if it belongs to the baseline model or E for the extended one.

Models Interpretation & Hearing Loss Risk Parameter Profile

Parameter Description
α Age-specific (α = (α1, . . . αP )

⊺) intercepts capturing the baseline
hearing loss level for each age group.

κf Common baseline trend in hearing loss proportions across all age
groups for frequency f , i.e. a common effect applicable to all ages.

β Age-specific (β = (β1, . . . βP )
⊺) sensitivity of hearing loss proportions

π̃f to a change in the general trend of hearing loss κf . As such it mea-
sures how the pure-tone proportions changes with age across frequen-
cies relative to the common frequency effect.

ϵf Age-specific (ϵf = (ϵ1f , . . . ϵPf )
⊺) noise term for observation error

assumed distributed as ϵf ∼ N
(
0,diag(σ2

ϵ1 , . . . , σ
2
ϵP )
)

ωf Noise term for variation in the latent state κf that is an inherent process
stochasticity, assumed distributed as ωf ∼ N

(
0, σ2

ω

)
.

Table 2: CPMBT Model Parameter Interpretations.

The frequency specific state variable capturing the common trend of the population, denoted κf is a latent stochastic
factor capturing the baseline hearing loss trend across all frequencies and applicable to all ages. For a given age group
p, if the corresponding loading βp is in absolute value large, it implies the pure-tone proportion for that age group p is
more responsive to changes in the age term structure trend changes relative to age groups with smaller absolute values
of this loading. Furthermore, in the extended model, γ(Q) and γ(N) are the parameters of the two column vectors π(Q)

and π(N) each of dimension P , containing the proportions for SRTQ and SRTN , respectively.

If the above SSMs are instead fit to a sub-population considering hearing loss degree, then we add another index
h ∈ {h1, . . . , hH} where h1 represents the index of the slight hearing loss individuals, h2 the index for mild hearing
loss individuals, etc. The models then are denoted as MB,d,h and ME,d,h. Note that we present our methodology with
respect to hearing loss subgroups, but an equivalent reasoning applies to sex, i.e. we add another index s ∈ {s1, s2}
where s1 represents female and s2 male, respectively.

2.3.1 Model Interpretation of Hearing Performances Definition

A relevant point is to understand how to interpret the introduced models and the information we aim to capture with
them. Figure 5 presents the idea behind our conceptualization and further supports the need for a state-space model
(SSM) in this scenario.

The audiogram thresholds represent the lowest level of sound (measured in decibels, or dB) that can be heard at a given
frequency f 50% of the time. Our objective is to quantify and describe hearing performance by characterizing these
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thresholds across the age and frequency domains. To do this, we defined proportions by ordering the study participants
from the lowest to the highest hearing thresholds and then partitioned the population using empirical quantiles derived
at several probabilistic levels. This approach allowed us to isolate the number of individuals who would fail to detect
sounds above a given empirical quantile and to observe how these quantities change across the population, by severity
of hearing loss and sex.

Consider the diagrams provided in Figure 5, referring to the overall case hence by considering the whole studied
sample without any demographic segmentation. For a given age group p and a probabilistic level of 20%, the empirical
quantile represents a specific hearing threshold in dB HL. We then consider the number of individuals whose hearing
thresholds exceed this empirical quantile—i.e., individuals who would fail to detect sounds at lower levels than this
threshold at a given frequency. This “failure” to detect such a sound is incorporated by the indicator function utilized
in Eq. (1) and given as

Mp,f (d) =

Np∑
n=1

1{Xn,p,f > Qf (d)},

which specifies the number of patients in age group p, Mp,f (d), who do not detect sounds at levels lower than the
empirical quantile Qf (d) at frequency f . Here, the indicator function 1{Xn,p,f > Qf (d)} takes a value of 1 when a
patient’s threshold Xn,p,f exceeds the empirical quantile Qf (d), marking a failure to hear sounds above this decibel
level. This indicator function is formally defined as:

1{Xn,p,f > Qf (d)} =

{
1 if Xn,p,f > Qf (d),

0 otherwise.

Thus, Mp,f (d) denotes the total count of such failures in the age group. This formulation allows us to construct
a measure of hearing performance that directly reflects the proportion of individuals who cannot detect sounds at
progressively louder thresholds, with higher proportions indicating poorer hearing ability within that frequency and
age group.
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Figure 5: Diagram illustrating the concept of “failure” in detecting sounds, used to define hearing performance. The
indicator function counts the number of individuals exceeding a given empirical quantile, indicating a failure to detect
sounds below that level. The plot demonstrates how the empirical quantiles increase with increasing dB thresholds,
representing worsening hearing loss. Additionally, the diagram shows the resulting proportions and their logarithmic
transformations, highlighting the relationship with the risk profile parameters (α) in terms of these empirical quantiles.

As we move to a higher probabilistic level (e.g., from 20% to 80%), the empirical quantile corresponds to a higher
sound level (in dB HL), which results in fewer individuals who are unable to detect sounds at this level. Conse-
quently, the proportion of individuals failing to detect sounds at these levels decreases. This dynamic behaviour across
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probabilistic levels informs the model’s ability to capture the relative degree of hearing impairment across both age
and frequency dimensions, as shown by increasingly negative log-transformed values of the proportions when fewer
individuals fail to detect louder sounds.

It is important to note that hearing performance could be defined differently, such as by considering alternative thresh-
olds, cumulative scores, or incorporating multiple measures simultaneously. This flexibility is crucial as it connects
the concept of risk profiles underlying different behaviours to the proportions, meaning that the interpretation of risk
will change based on how these proportions are constructed. For example, one could define performance based on the
combined response at multiple frequencies or in response to different types of stimuli. This nuanced understanding is
essential when linking behavioural test outcomes to the constructed proportions and risk profiles.

In our case, the intention is to explain our proportion, which in fact decreases as the empirical quantile increases. For
instance, with respect to the α values, this implies that more negative α values will be associated with higher hearing
thresholds, thereby indicating poorer hearing performance. As the empirical quantiles increase and represent higher
sound levels, the corresponding α values reflect the increasing difficulty individuals face in detecting sounds. Further
details on the interpretation of the risk profiles and their behaviour with degree of hearing loss and sex will be given
in the Results section.

The relationship between increasing hearing loss degree (i.e., increasing dB thresholds) and increasing empirical
quantiles is not simply an inverse linear relationship. If this relationship were strictly inverse and linear, there would
be no need to construct our SSM. Instead, we use the SSM because this relationship, which studies (and links with
the partial regression framework later introduced) behavioural performance tests, can be influenced by various factors,
such as severity of hearing loss and sex, which are included in our analysis, and other demographic factors which
are currently not included. This complexity sets the foundation for investigating the proportions of audiological tests
responding to more complex stimuli, such as the speech-in-quiet and speech-in-noise tests. For these tests, it is clear
that the relationship cannot be just inversely proportional and linear, given the statistical questions we are asking
regarding whether the intensity of the sound is the only contributing factor or if there is added information provided
by the complexity of the signal in speech tests.

Furthermore, a third important point is that these proportions are highly influenced by the sample size of each segment
of the population. Given that our study is observational, we have variability in sample sizes across different age groups
and degrees of hearing loss—although sex is less affected. This variability means that risk profile estimates may have
increased variance and hence greater uncertainty for segments with smaller sample sizes, though no systematic bias is
introduced. Additional details on sample sizes are provided in the Supplementary Information, and further explanation
on how this influences the risk profile estimates is given in the Results section.

2.3.2 Model Identification

The baseline and extended models as they are specified will suffer from likelihood based non-identification, since

π̃f = α(B) + β(B)κ
(B)
f + ϵ

(B)
f = α(B) + β(B)c+

β(B)

d

((
κ
(B)
f − c

)
d
)
+ ϵ

(B)
f = α̃(B) + β̃(B)κ̃

(B)
f + ϵ

(B)
f

where c represents a constant shift and d a scaling factor that illustrate the model’s parameter non-uniqueness.

Therefore, when possible it is wise to include an identification constraint. In this case the non-unique identification
constraints can be specified as follows for both the baseline (B) and extended (E) models:

F∑
f=1

κf = 0,

P∑
p=1

βp = 1.

This will ensure that the likelihood will be identified in subsequent estimation procedures. The details about the
estimation of the models are provided in Supplementary Information Section 5 and includes the state space filter-
ing derivations, the marginal likelihood formulation and parameter estimation and the partial regression estimation
methods explored.

2.4 Testing the Role of SRTN and SRTQ in Standardised Hearing Performance Assessment

Two statistical tests are performed in order to assess the significance of SRTN and SRTQ in the standardised measures
developed by the age-term structure of the CPMBT model formulation in Section 2.3: the Vuong test for the first set
of hypothesis testing problem statements (denoted PS1) and the Likelihood Ratio Test (LRT) for the second set of hy-
pothesis testing problems (denoted PS2). The Vuong test is used to compare non-nested models to assess statistically
significant differences in risk profiles. This includes evaluating differences between baseline models for the overall
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population versus different PTA categories (giving the severity of hearing loss), as well as between extended models
for the overall population versus PTA categories. Note that equivalent tests are performed for sex groups instead of
PTA categories; however, we introduce the tests here only for the latter case. Meanwhile, the LRT evaluates how in-
corporating speech-in-quiet and speech-in-noise tests into the baseline model creates the extended model, determining
the added value of these speech tests in explaining variations in hearing loss risk profiles.

These tests are performed by utilising the marginalised likelihood of the formulated SSMs models to check for de-
viances between them, allowing us to understand differences both within the same class of models (e.g., baseline
versus baseline or extended versus extended) and between different classes of models (e.g., baseline versus extended).
Each statistical test is formally derived and introduced in the Supplementary Information. Here, we introduce the
problem statements to provide an overview of their purpose.

Consider the vectors of the parameters for the baseline and extended model, respectively, defined as

Θ(MB,d,h) = [α
(B)
h ,β

(B)
h ,Σ

(B)
h , θ

(B)
h , ϕ

(B)
1,h, σ

(B)
ωf ,h

]

Θ(ME,d,h) = [α
(E)
h ,β

(E)
h , γh,(Q), γh,(N),Σ

(E)
h , θ

(E)
h , ϕ

(E)
1,h, σ

(E)
ωf ,h

]
(4)

where Σ
(B)
h = diag(σ2(B)

ϵ1 , . . . , σ2(B)

ϵP ) and Σ
(E)
h = diag(σ2(E)

ϵ1 , . . . , σ2(E)

ϵP ).

PS1 inferences are all performed with the Vuong test that treats hypotheses of the type:

H0 : Θ(MB/E,d,h) = Θ(MB/E,d′,h′)

H1 : Θ(MB/E,d,h) ̸= Θ(MB/E,d′,h′)

where d, d′ ∈ {0.2, 0.4, 0.6, 0.8, 0.9}, h, h′ ∈ {h0, h1, h2, . . . , hH} and h0 = 0 corresponds to the case where the
model is fit over the entire population and no hearing loss severity is considered. The setting B is using the baseline
model and E the extended models. In practice, these tests perform the following comparisons:

• Comparing risk profiles across the overall population versus subpopulation induced by the PTA categories
with the baseline and the extended models separately;

• Comparing risk profiles across all the combinations of the PTA categories with the baseline and the extended
models separately;

• Comparing risk profiles across all the combinations of the empirical quantiles with the baseline and the
extended models separately.

PS2 inferences are all performed with the Likelihood Ratio Test that treats hypotheses of the type:

H0 : Θ(MB,d,h) = Θ(ME,d,h)

H1 : Θ(MB,d,h) ̸= Θ(ME,d,h)

where d, d′ ∈ {0.2, 0.4, 0.6, 0.8, 0.9}, h, h′ ∈ {h0, h1, h2, . . . , hH} and h0 = 0 corresponds to the case where the
model is fit over the entire population and no hearing loss severity is considered. In practice, these tests perform the
following comparisons:

• Comparing risk profiles evaluating the effect of speech tests on hearing loss risk profiles - overall;
• Comparing risk profiles evaluating the effect of speech tests on hearing loss risk profiles - by PTA category

(Likelihood Ratio Test).

The test statistics of these sets of hypothesis tests requires the pointwise evaluation of the marginal likelihood. Detailed
specifications of the Voung test and the LRT test are outlined in the Supplementary Information.

2.5 Marginal Likelihood Estimation Recursion

In this subsection, we introduce the steps we performed to derive the marginal likelihood of the baseline and extended
CPMBT models. Since the extended model represents an extension of the baseline one, we provide the marginal
likelihood for ME,d and then explain that the one of MB,d is equivalent by setting the speech parameters to zero, i.e.
is is a special case of the marginal likelihood of the extended model. All the proofs and derivations for both models
are provided in the Supplementary Information, Section 3.

The marginal likelihood of the extended model denoted f(E)(π̃) can be formulated as

fE(π̃) =

∫
fE(π̃1:F |k1:F )f(k1:F ) dk1:F (5)
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The total law of probability allows us to derive this in a sequence of conditional quantities of the form:
fE (π̃f |π̃1, . . . , π̃f−1) = N

(
µπ̃f |π̃1,...,π̃f−1

,Σπ̃f |π̃1,...,π̃f−1

)
where

µπ̃f |π̃1,...,π̃f−1
= α+ βµκf |π̃1,...,π̃f−1

+ γv v + γw w

Σπ̃f |π̃1,...,π̃f−1
= σ2

ϵ1P + β
(
ϕ2
f−1Pf−1 + σ2

ωf

)
β⊤

with the filter distributions sufficient statistics given by recursion:
µκf |π̃1,...,π̃i

= θ + ϕ1µκf−1|π̃1,...,π̃i

σκf |π̃1,...,π̃i
=

σ2
ϵσ

2
κf−1

σ2
κf−1

(β⊺β) + σ2
ϵ

+ σ2
ωf

.

Producing a log-likelihood l (Θ(ME)) = ln fE(π̃) =
∑F

f=1 ln fE (π̃f |π̃1, . . . , π̃f−1) with each component:

logL(Θ(ME)) = −FP

2
log(2π)− 1

2

F∑
f=1

(
log
∣∣Σπ̃f |π̃1,...,π̃f−1

∣∣
+
(
π̃f − µπ̃f |π̃1,...,π̃f−1

)⊤
Σ−1

π̃f |π̃1,...,π̃f−1

(
π̃f − µπ̃f |π̃1,...,π̃f−1

))
Since the CPMBT model is expressed as a linear SSM, it means that optimal estimation can be performed via the
Kalman filter [64]. The filter computes the mean and covariance of the state estimates, which correspond to the
parameters µπ̃f |π̃1,...,π̃f−1 and Σπ̃f |π̃1,...,π̃f−1 in the predictive distribution. This is done through the use of two
matrices: the innovation covariance Sf and the state covariance Pf , which are reparametrizations of the terms derived
earlier in the predictive distribution. Specifically, Sf is the covariance of the prediction error for the model, while, Pf

is the posterior variance of the latent state κf accounting for the additional variance introduced by the model:

Sf = σ2
ϵ IP + β

(
ϕ2
1Pf−1 + σ2

ωf

)
β⊺

Pf =
σ2
ϵ

(
ϕ2
1Pf−1 + σ2

ωf−1

)
ϕ2
1Pf−1(β⊺β) + σ2

ϵ

+ σ2
ωf

The log-likelihood of the extended model is then re-expressed as

logL (Θ(ME)) =

F∑
f=1

log fE (π̃f |π̃1, . . . , π̃f−1) = −FP

2
log(2π)− 1

2

F∑
f=1

(
log |Sf |+ v⊤

f S
−1
f vf

)
where, vf = π̃f −α− βκ̂f |f−1 − γ⊺

(Q) π
(Q) − γ⊺

(N) π
(N). Substitute Sf , vf into the log likelihood formula

logL(Θ(ME)) = −FP

2
log(2π)− 1

2

F∑
f=1

(
log
∣∣∣σ2

ϵ1P + β
(
ϕ2
1Pf−1 + σ2

ωf

)
β⊤
∣∣∣

+
(
π̃f −α− β

(
θ + ϕ1κ̂f−1|f−1

)
− γ⊺

(Q) π
(Q) − γ⊺

(N) π
(N)
)⊤ (

σ2
ϵ1P + β

(
ϕ2
1Pf−1 + σ2

ωf

)
β⊤
)−1

×
(
π̃f −α− β

(
θ + ϕ1κ̂f−1|f−1

)
− γ⊺

(Q) π
(Q) − γ⊺

(N) π
(N)
)

An important point to remark on the above discussion on the Kalman Filter is that the innovation covariance and state
covariance are equivalently defined in both extended and baseline models. These matrices have the exact same form
for the two models (with the different estimated parameters). This means that, the parameters and the estimates related
to the speech tests (γ⊺

(Q) π
(Q); γ⊺

(N) π
(N)) play a crucial role in adjusting the expected mean of the observed data in

the extended model and they do not directly affect the computation of the two covariance matrices Sf and Pf . Hence,
the log-likelihood of the baseline model can then be expressed as

logL (Θ(MB)) =

F∑
f=1

log fB (π̃f |π̃1, . . . , π̃f−1) = −FP

2
log(2π)− 1

2

F∑
f=1

(
log |Sf |+ v⊤

f S
−1
f vf

)
where, this time, the difference is represented by vf = π̃f − α − βκ̂f |f−1. The derivations are provided in the
Supplementary Information, Section 3 and details of the Kalman Filter recursive algorithm implementation are given
in the Supplementary Information, Section 4.
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3 Partial Regression Under the CPMBT Model

In this section we provide further details about the treatment of partial regression structures in the class of extended
CPMBT models. Given, estimates for the parameters of the baseline model MB,d in Equation (2). In the context of
partial regression, one may be interested to characterise how the additional two audiological tests, i.e. speech-in-quiet
(SRTQ) and speech-in-noise (SRTN ) contribute to explaining the relative hearing loss performance. To achieve this,
we first reformulate the baseline CPMBT model MB,d in Equation (2) in matrix form as

Π̃
P×F

= A
P×F

+ β
P×1

K
1×F

+ EF
P×F

(6)

where Π̃ is the log central hearing loss proportion matrix considering all eleven frequencies, A = α ⊗ 1F with
⊗ represents the Kronecker product and 1F is a row vector of dimension F containing ones and hence this produces
the repetition of the vector α F times; β = (β1, . . . , βP )

⊺ and K = (κf1 , . . . , κF ) and EF is the error matrix of
dimension P × F . Then one can use this formulation to specify the extended model format.

We now reformulate the extended CPMBT model ME,d provided in Equation (3) in matrix form as follows

Π̃
P×F

= X1
P×2

γ1
2×F

+ X2
P×2

γ2
2×F

+ EF
P×F

(7)

where

γ1
2×F

=

[
1F

K

]
, γ2

2×F
=

[
γ(Q)

γ(N)

]
, X1

P×2
= [α β] , X2

P×2
=

π(Q) π(N)


with γ(Q), γ(N) the parameters for SRTQ and SRTN and π(Q), π(N) the proportions referring to SRTQ and SRTN ,
respectively.

In partial linear regression approaches discussed in [65, 66, 67], one undertakes a two stage estimation procedure.
Under such a two stage approach when applied in the extended CPMBT model one first regresses Π̃ on X1 and then,
in a second step, one regresses X2 on the residual of the first step. The advantage of this approach is that one can
assume that there exists a population factor κf that is associated with hearing loss in different age groups and intensity
levels. After having estimated this value, one can then observe the complexity of the relationship of speech-in-quiet
and speech-in-noise with the pure-tone frequencies hearing loss by taking into account such a factor.

Alternatively, under the conditions of the Frisch-Waugh-Lovell theorem [68, 69] when applied to the model in Equation
(7), this theorem states that the ordinary least squares (OLS) estimates of the parameters associated with the predictors
γ2 obtained after partialing out the predictors X1 are identical to those obtained by directly regressing the residuals of
the linear regression on the predictors X2. This theorem simplifies the estimation process and allows us to obtain the
effect of γ2 on the response variable while accounting for γ1 effects. By applying the Frisch–Waugh–Lovell theorem,
we obtain estimates of the γ2 predictors’ effects independently of the γ1 predictors, enhancing our ability to interpret
and make inferences about the relationships between the predictors and the response variable.

To achieve this one defines the projection matrix HX1

HX1

P×P

= X1(X
⊺
1X1)

−1X⊺
1

and the complementary projection matrix defined as

MX1

P×P

= IP −HX1

The Frisch–Waugh–Lovell theorem states that the ordinary least square estimates of γ2 and the residuals obtained
from Equation (7) are identical to those obtained by running the regression

MX1
Π̃ = MX1

X2 γ2 +MX1
EF (8)

where EF are the residuals of the regression given in Equation (7). In this way, we obtain the effect of X2 on Π̃, in a
second step which takes into account the non-linearity associated to the relationship of this predictor and the response.
Note that, in the Supplementary Information, Section 7 provides some remarks for the computational aspects of this
estimation procedure. Results of the partial regression analysis for the extended CPMBT model are presented in
Section 5.
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4 Data Description and Properties

This section is dedicated to the case study real data description. We begin by outlining the configuration of the
tests administered to the participants, including the audiogram and two speech tests conducted in quiet and noise,
respectively. Following this, we provide a detailed dataset description, incorporating descriptive statistics and visual
representations. Specifically, we present several plots illustrating the distribution of the critical variables as violin plots
that offer a deeper insight into the variability and central tendencies within the data.

4.1 Data Acquisition & Testing Procedures

Our study utilizes a dataset from Amplifon France, which contains routine data from hearing aid fitting practices across
multiple Amplifon hearing aid acoustician labs in France. For retrospective data analysis, the dataset was provided in
pseudonymized form to Institut Pasteur under the BIG DATA AP project. The data protection authority Commission
Nationale de l’Informatique et des Libertés (the National Commission on Informatics and Liberty) authorised the
processing of BIG DATA AP study data on April 05, 2024.

The dataset included participants’ age, sex assigned at birth, pure-tone audiograms for both ears, and speech recogni-
tion thresholds for speech tests in quiet and noise, respectively. The degree of hearing loss was derived by calculating
the pure-tone average (PTA) based on individual hearing thresholds at 0.5, 1, 2, and 4 kHz [70], according to the
American Speech-Language-Hearing Association (ASHA) classification, detailed in Table 3.

The study focused on participants aged 40-90 years with symmetric hearing loss, defined by a PTA difference of
less than 15 dB between ears [49]. This age range was selected based on data availability and completeness. The
final dataset comprised 48,144 participants. Data on race or ethnicity were not collected, adhering to French legal
restrictions on personal data collection per the 1978 Law on Information and Freedoms [71]. The following sections
describe the audiological tests in detail.

Audiogram. All participants completed a half-octave, air-conduction audiogram with measurements in 5 dB steps,
for frequencies from 0.125 to 8 kHz, using TDH-39 headphones. Air conduction testing began on the better ear if
specified by the patient, otherwise on the right ear. Testing started with an audible pulsed pure tone (1 kHz/60 dB HL
or higher, if necessary). The modified Hughson-Westlake procedure [72] was applied to assess hearing thresholds at
increasing frequencies from 1 kHz to 8 kHz, afterwards decreasing frequencies from 1 kHz (repeated) until 0.125 kHz

Speech-in-quiet. Patients performed the Lafon test in quiet [73, 74], which evaluates speech intelligibility using test
lists of disyllabic words. To estimate the SRTQ (speech level at which 50% speech intelligibility is obtained), several
test lists were presented at fixed signal-to-noise ratios (SNRs), starting at a high level where 100% speech intelligibility
was expected for the respective patient, and subsequently decreasing the level until the obtained result fell below 50%.
The test was performed binaurally in a free-field condition, with one loudspeaker positioned in front of the listener. The
resulting SRTQ value represents the difference from the normal-hearing speech reception threshold (SRT), thereby
providing an interpretation of speech reception threshold loss

Speech-in-noise. Patients performed the HINT-5 min test [75, 76], an adapted European French version of the Cana-
dian French HINT. Meaningful everyday sentences were employed to evaluate speech intelligibility in background
noise. As noise, ICRA-1 stationary noise with a long-term average speech spectrum [77] was used, presented at a
fixed level of 60 dB SPL. The SRTN was estimated by adaptively varying the speech level within a test list of 20
sentences, starting from an SNR of 5 dB SNR. Testing was conducted binaurally in a free-field condition, with one
loudspeaker positioned in front of the listener. The resulting SRTN value represents the absolute SNR at which 50%
speech intelligibility is obtained. The corresponding normal-hearing reference SRT is -1.0 dB SNR for the binaural
free-field condition.

Pure-tone average (PTA) Categories

Degree of hearing loss PTA range (dB HL)

Normal –10 to 15
Slight 16 to 25
Mild 26 to 40

Moderate 41 to 55
Moderately severe 56 to 70

Severe 71 to 90

Table 3: Pure-tone average (PTA) categories were defined in accordance with the American Speech-Language-Hearing
Association (ASHA) classification [70]. Note that we do not have any participant with Normal hearing in our dataset.
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4.2 Data Description

This subsection describes the dataset, with Table 4 providing a comprehensive summary of descriptive statistics,
including age, audiogram frequencies (125 Hz to 8000 Hz), SRTN , and SRTQ. The mean participant age is approxi-
mately 73 years, with a standard deviation (SD) of 9.73 years, indicating an elderly population with some variability,
ranging from 40 to 90 years.

Mean hearing thresholds increase over frequency, from about 30 dB HL at 125 Hz to about 72 dB HL at 8 kHz, with
standard deviations ranging from 13 to 19 dB HL. Median values are slightly below the means, suggesting a slight
right skew. The database contains hearing thresholds spanning the entire range of measurable audiometric levels. The
mean SRTN is 4.43 dB SNR with a standard deviation (SD) of 3.96 dB SNR, while the mean SRTQ is 45.97 dB SPL
with an SD of 11.56 dB SPL. The SRTQ median is close to the mean, indicating a symmetrical distribution, while the
SRTN median is slightly lower than the mean, suggesting a minor positive skew. SRTN values range from -10 dB
SNR to 20 dB SNR, and SRTQ values range from 5 dB SPL to 80 dB SPL.

This analysis includes the entire sample, covering all degrees of hearing loss, ages 40 to 90, and both sexes. Additional
descriptive statistics by age group, degree of hearing loss, and sex are provided in the Supplementary Information,
Section 10, to better understand variable distributions across these demographic and audiometric subgroups.

Descriptive Statistics Overall

Statistics Age Frequencies (Hz) SRTN SRTQ

125 250 500 750 1000 1500 2000 3000 4000 6000 8000

Mean 72.98 30.48 31.24 33.83 36.40 38.11 45.08 48.48 55.79 61.74 70.35 71.71 4.43 45.97
Median 74.00 30.00 30.00 30.00 35.00 35.00 45.00 50.00 55.00 60.00 70.00 70.00 4.00 45.00

SD 9.73 13.19 14.50 15.14 15.43 15.68 16.18 16.28 16.50 16.97 18.24 18.75 3.96 11.56
Min 40 -10.00 5.00 5.00 5.00 5.00 5.00 5.00 5.00 5.00 -5.00 3.00 -10.00 5.00
Max 90 120.00 120.00 120.00 120.00 120.00 120.00 120.00 125.00 125.00 125.00 130.00 20.00 80.00

Table 4: Descriptive statistics over the whole sample population. Variables include age, audiogram frequencies, SRTN

and SRTQ. Note that the unit of measures are dB HL for the audiogram frequencies, dB SNR for SRTN and dB SPL
for SRTQ.
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Figure 6: Sample size across Pure Tone Average (PTA) hearing loss categories for the whole database population.
Hearing loss degree is classified based on PTA categories.

Figure 6 illustrates the distribution of individuals across different degrees of hearing loss. The categories include
slight, mild, moderate, moderately severe, and severe hearing loss. The majority of individuals fall into the Moderate
and Mild categories, with nearly equal number of patients (Moderate: 20,246; Mild: 18,979). The moderately severe
and slight categories have fewer individuals, with 4,826 and 3,704 people respectively. Finally, the severe category
has the smallest number of individuals, with only about 389 people, showing that severe hearing loss is less com-
mon within this population. This distribution highlights the varying prevalence of hearing loss severity among the
individuals studied. Further details regarding the descriptive statistics split by hearing loss degree are provided in the
Supplementary Information, Section 9.
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Figure 7: Violin plots of hearing thresholds at different frequencies (left) and SRTQ, SRTN (right) by hearing loss
degree for the left ear. The x-axis on the left plot represents the measured frequencies from 125 Hz to 8000 Hz, while
the x-axis on the right represents the speech tests. The y-axis shows hearing thresholds in dB HL (left) and SRTQ and
SRTN in dB SPL/SNR (right). Due to the symmetrical nature of hearing loss in the sample, the left ear was selected
for this representation. Equivalent results were confirmed when analysing the right ear, ensuring the reliability of the
observed patterns. The violin plots of the right ear are in the Supplementary Appendix.

Figure 7 shows data distributions via violin plots, corresponding to descriptive statistics in the Supplementary Infor-
mation, Section 9. The left panel displays hearing thresholds for the left ear. Although symmetric hearing loss was
analyzed, a comparable plot for the right ear is provided in Section 9 for completeness. The right panel illustrates
SRTN and SRTQ values for the left ear, as these measures were similar for both ears. For brevity, descriptive statistics
are reported solely for the left ear.

Sex- and age-specific results are detailed in Section 9, with boxplots and statistics highlighting demographic differ-
ences in audiological tests.

In summary, hearing thresholds vary across age groups, with lower thresholds observed from 40-45 to 65-70 years,
particularly at lower frequencies (125 Hz to 1000 Hz). However, thresholds increase markedly at higher frequencies
with age, rising from 55.44 dB in the 40-45 age group to 81.85 dB in the 85-90 group, indicating age-related hearing
loss. SRTN and SRTQ values also increase with age, reflecting a decline in speech perception in noisy environments:
mean SRTN rises from 2.79 dB (40-45 years) to 6.94 dB (85-90 years), while SRTQ increases from 40.70 dB to 53.73
dB.

By sex, females have higher mean thresholds at lower frequencies (125 Hz to 1500 Hz), indicating slightly poorer
hearing than males in these ranges. This pattern reverses at higher frequencies (1500 Hz to 8000 Hz), where females
generally have lower thresholds, indicating better hearing. Additionally, males show slightly higher mean SRTN and
SRTQ values than females. Further details are available in the Supplementary Information.

5 Results

This section presents the primary findings of our analysis, beginning with an examination of hearing performances and
their interpretation, followed by a description of hearing proportions across the entire sample, categorized by hearing
loss degree and sex. The purpose of this analysis is to inform our modelling framework and reveal essential data
patterns. The proposed SSM, i.e., the CPMBT model, establishes standardised, data-driven curves summarising data
at a population level. This standardisation is achieved by fitting the audiogram responses to a model that transforms
them into proportions, reducing inherent variability and heteroskedasticity, enabling a consistent fit. Unlike counts,
which are affected by variations in sample size across different population segments, proportions allow for more direct
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comparisons, making it possible to observe patterns consistently across subgroups. For consistency, SRTQ and SRTN

were also transformed to log proportions, as outlined in Subsection 2.3.

A key feature of the model is the definition of standardised curves as risk profiles. The CPMBT model captures relative
changes across frequency domains and age groups, with parameters α, β, and κf representing these standardised
curves. This enables a population-level risk measure by aggregating individual data into a metric generalisable to the
population.

In the first part of this section, we explore how the definition of hearing performance influences the derived proportions
and the implications of this choice for understanding the relationship with the risk profile. We then explore how the
obtained proportions vary across different population segments. This analysis involves setting probabilistic levels to
identify empirical quantiles, as explained in Subsection 2.2, which partitions data into groups representing increasing
levels of hearing loss. This approach helps us observe whether these segments vary non-linearly and evaluate the
extent of this variation. Using proportions instead of counts allows us to mitigate biases introduced by unequal sample
sizes, thereby enabling a clearer assessment of how hearing loss patterns emerge across different frequencies, age
groups, and severity categories.

Subsequently, we focus on statistical inference results, specifically from two sets of tests addressing our problem
statements identified in section 2.4, denoted PS1 and PS2. For PS1, the goal was to identify differences within the
same model class across population segments. Using the Vuong Test for non-nested models, we assessed model
consistency and sensitivity across hearing loss categories and probabilistic levels, helping to identify areas for model
refinement. For PS2, we compared different model classes, particularly the baseline and extended models, using the
Likelihood Ratio Test (LRT), which assesses whether the extended model provides a significant improvement in fit for
various population segments.

These statistical tests validate our modelling framework by examining if the extended model more effectively captures
data patterns than the baseline model, with consistency across population segments. Remark that further details on
these tests are provided in the Supplementary Information.

After identifying significant differences across segments, we evaluate the risk profiles generated by the CPMBT model.
These profiles offer both general insights and targeted analyses for specific groups, such as hearing loss levels and sex-
based differences. We use partial linear regression to assess SRTN and SRTQ’s direct effects on audiogram responses,
further informing the factors influencing responses.

A discussion on calibration and model performance is provided in the Supplementary Information, Section 10, to
ensure curve accuracy and reliability. We also assess model performance using Mean Square Error with age group
intervals of 1-year, 5-year (selected), and 10-year.

The results were fitted using left ear data due to symmetric hearing loss considerations; equivalent right ear results
were cross-checked and omitted for space. All research data and analysis scripts are available at the following GitHub
repository: https://github.com/mcampi111/SpiN.

5.1 Hearing Performances

Figure 8 illustrates how the different Mp,f (d), representing the count of individuals who fail to detect sounds above
the empirical quantile of interest (i.e., Qf (d)), behave across frequencies f , age groups p, and probabilistic levels d.
The x-axis shows the age groups, while the y-axis represents the counts of individuals. The bars are coloured red
for those exceeding the empirical quantile and azure for those who do not. Each column of the plot corresponds to a
specific audiogram frequency, and each row represents a different probabilistic level d. The last two columns refer to
the SRTQ and SRTN measures, to which an equivalent approach has been applied—i.e., using the empirical quantiles
for these two distributions to count how many individuals exceeded those quantiles.

The results presented in the plot support the interpretation provided in subsection 2.3.1. It is evident that, across
all frequencies, increasing the level of the empirical quantile results in fewer individuals failing to detect sounds
above that quantile (i.e., fewer individuals exceeding the empirical quantile threshold). Given that the sample sizes
remain constant across the empirical quantiles, this means that fewer individuals fail to detect higher sound levels, thus
reflecting hearing performance at more severe hearing thresholds—indicating a higher degree of hearing loss.

An equivalent reasoning can be applied to the speech tests variables (SRTQ and SRTN ). As the empirical quantiles in-
crease, the distribution of speech recognition thresholds shifts, reflecting variations in speech perception performance.
One test (SRTQ) measures speech perception in quiet, while the other (SRTN ) measures it in noise. Unlike pure-tone
audiometry, these thresholds represent a continuous measure of speech intelligibility, where higher quantiles indicate
progressively more challenging listening conditions with reduced speech recognition performance. At each quantile,
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the measure represents the signal level at which an individual can correctly identify approximately 50% of speech
signals, either in quiet or noisy environments. This distinction highlights the increased difficulty that individuals may
face in challenging acoustic environments, which is captured by the risk profiles at higher quantiles.

Figure 9 illustrates how the different Mp,f (d), representing the count of individuals who fail to detect sounds above the
empirical quantile of interest (i.e., Qf (d)), behave across frequencies f , hearing loss severity groups, and probabilistic
levels d. Compared to Figure 8, this time we added the hearing loss severity category (Slight, Mild, Moderate,
Moderately Severe, Severe) arranged in rows alongside the different probabilistic levels d. The columns instead refer
to the audiogram frequencies, from the lowest to the highest. The x-axis shows the age groups, while the y-axis
represents the counts of individuals. The bars are coloured red for those exceeding the empirical quantile and azure for
those who do not. As above, the last two columns refer to the speech tests, i.e. to the SRTQ and the SRTN variables.
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Figure 8: Plot showing the counts of individuals in each age group who either exceed or do not exceed the given
empirical quantile thresholds across different frequencies of the pure tone audiograms and the speech tests. The x-
axis represents age groups, while the y-axis shows the count of individuals. The coloured segments indicate whether
individuals exceed the empirical quantile at each frequency (or speech tests), providing insight into how hearing
performance changes with age and increasing empirical quantiles. This visualization helps to interpret the distribution
of hearing threshold exceedances and provides a basis for understanding the variability in hearing performance across
the population.

An equivalent trend to the one of Figure 8 is identified, i.e., higher counts of individuals failing to detect sounds above
the empirical quantiles with increasing quantile levels, is observed in the Slight, Mild, Moderate, and Moderately
Severe categories. The only category in which there is almost no one passing the empirical quantiles is the Severe
category. This is mainly due to the small sample size of this population segment for which, in fact, it is possible to
observe only few individual exceeding the thresholds at the very first probabilistic level.

Although this pattern for the Severe group is different compared to the rest of the categories and Figure 8, it is still
rigorous and offers valuable insights into the dynamics of hearing loss across different severity levels. Specifically,
the exceedance rate—i.e., the proportion of individuals exceeding the empirical quantile—changes distinctively across
the different hearing loss categories as the empirical quantile level increases. This behaviour is influenced by both the
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intrinsic definition of these categories, which are defined by ranges of the pure tone average (PTA), and the variations
in sample size. This makes the results informative, as it reveals the rate at which exceedance decreases across different
hearing loss categories and individual frequencies, apart from the Severe category where the trend remains relatively
stable. Notably, a preliminary observation reveals a trend of shifting medians to higher ages from top to bottom,
correlating with increasing hearing loss severity categories—a pattern further explored in the risk profile section.

This rate of change in exceedance across hearing loss categories provides important information about hearing loss
progression and its impact across different severity levels. It allows us to understand how different categories respond
differently to increasing quantile thresholds, giving insights into the dynamics of hearing thresholds and risk profiles
for individuals with different levels of hearing loss. This is particularly important for understanding the population’s
heterogeneity and characterizing hearing loss not just at the level of pure tone average but also at a more granular
frequency-specific level. Furthermore, this analysis extends to speech tests that offer additional dimensions of hearing
assessment by measuring the ability to understand speech in quiet and noisy environments. The rate of exceedance
of these tests follows similar behaviours across the probabilistic levels but not across the hearing loss degree as the
linearity provided by the pure tone frequencies is not characterising these tests.
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Figure 9: Plot showing the counts of individuals in each hearing loss severity group (Slight, Mild, Moderate, Moder-
ately Severe, Severe) who either exceed or do not exceed the empirical quantile thresholds across different frequencies
and speech tests. The x-axis represents age groups, while the y-axis shows the count of individuals, with bars in red for
those exceeding the empirical quantile and in azure for those who do not. Each row corresponds to a specific hearing
loss severity category combined with a different probabilistic level (20%, 40%, 60%, 80%, 90%). Each column repre-
sents one frequency of the audiogram and the last two refers to the speech tests measurements i.e. SRTQ and SRTN .
This visualization illustrates the relationship between hearing loss severity, frequency, and the counts of individuals
exceeding the quantile thresholds, providing insight into how different severities affect hearing performance across the
spectrum of empirical quantiles.
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At this stage, it is also crucial to note that this is an observational study. We did not attempt to artificially balance the
sample sizes across different groups; instead, we aimed to retain all relevant information inherent in the population.
The uneven distribution of individuals across severity levels reflects real-world conditions, and thus our analysis deals
directly with this variability, rather than trying to mitigate it by excluding data or artificially balancing the sample.
This approach ensures that we are capturing the actual dynamics of hearing loss in the population, recognizing that
the resulting risk profiles may be dataset-specific. While this means accepting increased variance in the estimates for
some groups due to smaller sample sizes, it provides a more direct representation of the population’s heterogeneity.
Nevertheless, this choice allows us to avoid introducing bias and provides an authentic representation of the hearing
loss landscape. More details on the variability in sample sizes and how this affects the resulting risk profile estimates
are provided in the Supplementary Information, and additional discussion in the last section.

5.2 Hearing Proportion Description

Figure 10 visually represents the computed proportions through a series of heatmaps. Each radial segment (or row)
corresponds to specific age groups from 40 to 90 years in 5-year increments, while each concentric ring represents
distinct audiogram frequencies, SRTQ, and SRTN . The figure includes eight main sections of heatmaps: the overall
model, sex (females first, then males), and five degrees of hearing loss, ranging from slight to severe. Each section
features five heatmaps representing different probabilistic levels (20%, 40%, etc.), corresponding to five empirical
quantiles. Higher probabilistic levels indicate elevated quantiles, reflecting increased dB audiogram thresholds and
greater hearing loss severity.

These heatmaps show similar patterns to Figures 8 and 9, with the key difference being that they correspond to propor-
tions rather than counts. This allows for direct comparisons across different population segments regardless of sample
size. Specifically, each proportion is computed over Np, the number of people in that age group, enabling a consistent
comparison of hearing performance across segments. Furthermore, the heatmaps provide a direct comparison of all
population segments considered (including sex) and also incorporate the proportions for SRTQ and SRTN , adding an
additional dimension to the analysis.

In the overall model, the heatmaps show a trend that is consistent with the quantile estimation method: as the prob-
abilistic level increases (left to right), the proportion of individuals above each quantile systematically decreases—a
characteristic inherent to the quantile estimation approach. Notably, for higher frequencies (4000 Hz, 6000 Hz, and
8000 Hz), the proportion of individuals exceeding quantiles increases with age, consistent across all probabilistic lev-
els. In contrast, lower frequencies exhibit more evenly distributed proportions across age groups, suggesting a more
pronounced age-hearing loss relationship at higher frequencies. This is visually indicated by lighter colors at the 90%
probabilistic level, signaling fewer affected individuals.

For SRTQ and SRTN , the heatmaps reveal similar trends. For SRTQ, proportions exceeding empirical quantiles
decrease as probabilistic levels rise. An upward trend with increasing age, particularly at higher probabilistic levels,
highlights the impact of aging on speech comprehension. For SRTN , the proportion of individuals exceeding quantiles
also diminishes as probabilistic levels rise, particularly for those over 70, suggesting a comparable age-related decline
in speech comprehension in noisy environments.

Examining sex differences, the proportions of women affected by hearing loss gradually increase with frequency,
particularly in the lower to mid-range (125 Hz to 1000 Hz), with higher proportions at the first probabilistic level.
Females show a consistent upward trend in higher frequencies (3000 Hz to 8000 Hz). In contrast, males start with
lower prevalence at lower frequencies but show sharper increases in higher ranges, suggesting greater vulnerability
with age.

Overall, both genders show a tendency toward increased hearing loss susceptibility at higher probabilistic levels,
especially pronounced in higher frequencies. In SRTQ assessments, females’ proportions increase with age at higher
probabilistic levels, while males exhibit a steeper rise, indicating greater susceptibility to severe speech reception
challenges. Similarly, the proportion of women affected by noise-related challenges increases with age, while males
show sharper increases at higher levels. This indicates that while females typically show higher proportions at lower
probabilistic levels, males exhibit a more significant increase in susceptibility as severity increases.

Analyzing hearing loss proportions across age groups and frequencies reveals consistent trends from slight to severe
impairment. Higher frequencies (3000 Hz - 8000 Hz) consistently show greater impairment than lower frequencies
(125 Hz - 1000 Hz), highlighting that hearing loss disproportionately affects higher frequency ranges, especially
in older individuals. For example, in mild hearing loss cases, the proportion of impairment at higher frequencies
can range from about 58% in younger individuals to 97% in older groups, while lower frequencies usually exhibit
proportions under 35%. Generally, hearing loss proportions decrease as probabilistic levels rise, suggesting diminished
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severity with stricter criteria. Regarding the severe proportions, these are all very close to zero due to the small sample
sizes of this population segment.

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

125
250

500

75
0

10
00

1500
2000

3000

4000
6000

80
00

SR
T

SNR

20% 40% 60% 80% 90%

O
verall

F
em

ale
M

ale
S

light
M

ild
M

oderate
M

oderately severe
S

evere

0
25
50
75

0
25
50
75

0
25
50
75

0
25
50
75

0
25
50
75

0
25
50
75

0
25
50
75

0
25
50
75

A
ge

Proportion

0.00

0.25

0.50

0.75

Figure 10: Heatmaps Overall, by sex and by degree of hearing loss.
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Examining SRTQ and SRTN proportions reveals consistent trends across speech recognition tests. Both SRTQ and
SRTN proportions generally decrease with hearing loss severity and age, showing a pattern distinct from hearing
thresholds. As probabilistic levels rise from 20% to 90%, SRTQ and SRTN proportions decrease, indicating stricter
classification criteria, especially in slight and mild hearing loss.

Unlike frequency-specific audiogram proportions, SRTQ and SRTN reveal distinct patterns of speech recognition
across different probabilistic levels. These preliminary observations of speech test proportions suggest varying be-
haviors that warrant further systematic investigation. While the current visualization provides an initial glimpse, our
subsequent analysis will more rigorously examine the nuanced characteristics of speech perception measures.

The heatmaps unveil potential gender-specific variations in hearing loss distribution across frequencies and age groups.
These initial visual patterns hint at complex interactions between sex, age, and hearing loss characteristics. The
preliminary observations suggest that gender may play a significant role in hearing loss progression, setting the stage
for a more detailed exploration in our subsequent analytical approach.

Understanding the proportions of hearing loss is crucial for deciphering population-level auditory health dynamics.
These heatmaps provide a foundational visualization of how hearing loss proportions vary across different dimen-
sions—age, frequency, and probabilistic levels. By transforming these initial observations into standardized risk
profiles, our proposed CPMBT model aims to move beyond descriptive visualization to a more comprehensive un-
derstanding of hearing loss progression.

5.3 PS1 Results with Vuong Test

This section analyzes the results for PS1 using the Vuong Test, which compares the overall CPMBT model with
models segmented by hearing loss categories and sex across various probabilistic levels in both baseline and extended
frameworks.

The Vuong Test aims to determine whether segmented population models (by hearing loss degree or sex) fit better
than the overall CPMBT model. We performed contrast tests, selecting specific segmented models as references
and examining combinations with probabilistic levels and varying degrees of hearing loss or sex. Additionally, we
assessed probabilistic levels as references to explore intra-variability, revealing how different thresholds yield varying
significance based on the chosen reference model. This highlights the importance of careful reference model selection,
as it significantly influences result interpretation and conclusions regarding model fit.

The statistical tests are not symmetric; results from one reference model may differ from those using the switched
reference. For instance, comparing slight baseline versus mild baseline is not equivalent to the reverse. We conducted
both tests for robustness, with consistent results across both directions, allowing us to report only one case. This
consistency suggests approximately symmetric behavior, reinforcing the reliability of our conclusions regarding the fit
of segmented population models versus the overall CPMBT model.

Table 5 presents the Vuong test results comparing the overall CPMBT model with segmented models for hearing loss
and sex across different probabilistic levels (20%, 40%, 60%, 80%, and 90%).

In the baseline model, significant differences are observed across hearing loss categories. The slight hearing loss
category shows significant differences at nearly all probabilistic levels, with p-values as low as 0.000 at 20%, 40%,
and 90%. The mild, moderate, and moderately severe categories exhibit significant p-values primarily at 20%, while
severe hearing loss demonstrates significance at 20%, 40%, and 90%.

The extended model reveals more nuanced insights. For slight hearing loss, stronger evidence emerges at the 20% and
40% levels. The model consistently shows more significant differences for mild hearing loss across all levels, partic-
ularly at 60%. Moderate and moderately severe hearing loss categories also demonstrate robust evidence, especially
at lower probabilistic levels. Interestingly, the baseline model shows more significant results for severe hearing loss,
consistently outperforming the extended model.

In sex-based comparisons, the baseline model shows limited significance for female models, while male models dis-
play sporadic significant results at most levels. The extended model provides broader improvements, with statistically
significant differences for all hearing loss degrees at the first three probabilistic levels (20%, 40%, and 60%), and
p-values below 0.005.

Detailed results of the Vuong test comparing hearing loss categories and variations within categories are provided in
the Supplementary Information, Section 11. Table 5 presents comprehensive comparisons across different hearing
loss categories and probabilistic levels. Additionally, Table 6 examines variations within each category by comparing
model fit across probabilistic thresholds, illustrating how predictions differ at various levels. These comparisons differ
from those in Table 5, which focused on differences between categories (e.g., slight vs. severe). Table 6 highlights how
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changes in probabilistic thresholds affect model fit within each category, providing insights into the model’s robustness
and consistency across varying degrees of hearing impairment.

PS1 with Vuong Test - Overall CPMBT versus Population Segments CPMBT

Baseline Model

Reference Probabilistic Level Contrast
Slight Mild Moderate Mod. severe Severe Female Male

Overall

20% 0.000 0.010 0.000 0.000 0.003 0.455 0.000
40% 0.040 0.033 0.029 0.027 0.018 0.074 0.016
60% 0.902 0.659 0.112 0.136 0.141 0.349 0.000
80% 0.519 0.837 0.656 0.369 0.128 0.067 0.013
90% 0.047 0.026 0.003 0.002 0.002 0.576 0.191

Extended Model

Reference Probabilistic Level Contrast
Slight Mild Moderate Mod. severe Severe Female Male

Overall

20% 0.014 0.002 0.001 0.000 0.000 0.003 0.000
40% 0.017 0.004 0.002 0.002 0.002 0.022 0.034
60% 0.002 0.001 0.001 0.000 0.000 0.006 0.000
80% 0.081 0.002 0.004 0.003 0.005 0.014 0.006
90% 0.083 0.023 0.007 0.002 0.002 0.069 0.341

Table 5: Vuong test results. We compare the overall model versus the hearing loss and the sex CPMBT models, for
each probabilistic level. The tests are performed for both the baseline and the extended model frameworks.

The results indicate significant differences across most probabilistic levels, especially when comparing the 20% level
with higher ones. In the slight hearing loss category, significant differences are found at all levels, with p-values
close to 0.000 for both models between the 20% level and the 40%, 60%, and 90% levels. The mild hearing loss
category follows a similar pattern, particularly in the extended model, where p-values are consistently low (e.g., 0.000
for the 20% vs. 40% comparison). The extended model shows stronger significance in the moderate hearing loss
category, especially at the 40% and 60% levels. The moderately severe category also shows significant differences
in the extended model, particularly between the 20% and higher levels. For severe hearing loss, the extended model
maintains highly significant differences, with p-values as low as 0.000 for comparisons between the 20% level and
the 60%, 80%, and 90% levels. Overall, the extended model provides more consistent significant results, while the
baseline model also demonstrates good performance.

PS1 with Vuong Test - Sex

Reference Contrast Prob. Level P-value Baseline P-value Extended

Female

Male 20% 0.000 0.000
Male 40% 0.001 0.000
Male 60% 0.014 0.008
Male 80% 0.091 0.011
Male 90% 0.176 0.178

Table 6: Vuong test results by sex and probabilistic level for sex.

We performed a similar analysis for sex, results are given in Table 6. Significant differences across probabilistic levels
were found when comparing males and females. At the 20% level, both models showed highly significant results (p
= 0.000), indicating strong model performance distinctions. Differences remained significant at the 40% level (p =
0.000 for the extended model; p = 0.001 for the baseline). At the 60% level, significant differences persisted (p =
0.014 for the baseline; p = 0.008 for the extended model), although the gap narrowed. The extended model maintained
significance at the 80% level (p = 0.011), while the baseline model’s significance diminished (p = 0.091). By the
90% level, both models lacked significant differences (p = 0.176 and p = 0.178, respectively), indicating reduced
distinguishability.

Table 7 in the Supplementary Information shows results within each sex by probabilistic levels. The extended model
exhibits stronger evidence of differences across levels. In females, the baseline model shows significant differences
between the 20% level and both 80% (p = 0.000) and 90% (p = 0.021). The extended model shows significant
results for all comparisons involving the 20% level, with additional significant comparisons appearing in both models;
however, the extended model provides slightly more consistent differentiation.
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A similar pattern is observed for males, where the extended model shows stronger significance for the 20%-40% and
20%-60% comparisons. Other significant comparisons are present in both models, but the extended model yields
slightly more significant p-values overall, indicating a more nuanced distinction across probabilistic levels.

Overall, the extended model captures more nuanced differences across probabilistic levels within each hearing loss
category, particularly in slight, moderate, moderately severe, and severe categories. This sensitivity extends to sex
analysis, with the extended model demonstrating greater statistical significance at various probabilistic thresholds for
both females and males. While the baseline model performs well in some instances, the extended model consistently
shows more significant results and improved performance, leading to refined interpretations of hearing loss severity
within categories and regarding sex-related differences.

5.4 PS2 Results with Log-Likelihood Ratio Test

We now present the results for PS2. Tables 7, 8 and 9 summarise the results of the Likelihood Ratio Test (LRT), which
compares the baseline and extended models across different empirical quantiles for the overall population, hearing
loss subgroups, and sex, respectively. The LRT is used to assess whether the extended model provides a significantly
better fit compared to the baseline model.

The results in Table 7 shows that the extended model significantly outperforms the baseline at the 20% and 40%
quantiles, with p-values under 0.001, indicating a substantial fit improvement. However, at higher quantiles (60%,
80%, and 90%), p-values exceed 0.05, revealing no significant improvement.

PS2 with LRT - Baseline versus Extended - Overall

Quantile p-value

20% 0.000
40% 0.001
60% 0.096
80% 0.089
90% 0.107

Table 7: Likelihood Ratio Test results for the overall population.

In Table 8, the LRT results by hearing loss category indicate that the extended model significantly enhances fit over
the baseline at the 20%, 40%, and 60% quantiles for slight, mild, and moderate hearing loss, with p-values below
0.01 and the strongest results at the 60% quantile (all p-values < 0.001). No significant improvement is found for
moderately severe and severe categories (p-values of 0.071 and 0.074 at the 60% quantile). At the 80% and 90%
quantiles, improvements persist for slight, mild, and moderate hearing loss, but the model is not significant for more
severe cases (p-values between 0.079 and 0.087).

Table 9 shows that the extended model significantly improves over the baseline at lower quantiles for both sexes.
Specifically, at the 20% and 40% quantiles, p-values are below 0.001, indicating substantial improvement. As quantiles
increase, significance diminishes, with no improvements at the 80% quantile. Thus, the extended model is more
effective at distinguishing differences in lower levels of hearing loss but less impactful as severity increases.

In summary, the LRT results demonstrate that the extended model offers a significant improvement in fit over the
baseline model, particularly at the 20%, 40%, and 60% quantiles across most categories of hearing loss and for both
sexes. In the former case, the improvement is most pronounced for slight, mild, and moderate hearing loss categories,
while the benefits for moderately severe and severe categories are less consistent. This suggests that the extended
model provides better performance and insights, especially for individuals with less severe hearing loss.
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PS2 with LRT - Baseline versus Extended - Degree of Hearing Loss

Quantile Degree of hearing loss p-value

20% Slight 0.009
20% Mild 0.002
20% Moderate 0.001
20% Moderately severe 0.062
20% Severe 0.063

40% Slight 0.005
40% Mild 0.001
40% Moderate 0.001
40% Moderately severe 0.068
40% Severe 0.062

60% Slight 0.000
60% Mild 0.000
60% Moderate 0.000
60% Moderately severe 0.071
60% Severe 0.074

80% Slight 0.000
80% Mild 0.000
80% Moderate 0.000
80% Moderately severe 0.082
80% Severe 0.079

90% Slight 0.000
90% Mild 0.000
90% Moderate 0.000
90% Moderately severe 0.083
90% Severe 0.087

Table 8: Likelihood Ratio Test results by Degree of Hearing Loss.

PS2 with LRT - Baseline versus Extended - Sex

Quantile Degree of hearing loss p-value

20% Female 0.000
20% Male 0.000

40% Female 0.001
40% Male 0.002

60% Female 0.005
60% Male 0.015

80% Female 0.019
80% Male 0.026

90% Female 0.057
90% Male 0.064

Table 9: Likelihood Ratio Test results by Sex.

5.5 CPMBT Model Risk Profiles

In this section, we discuss the results for the risk profiles of the overall CPMBT and hearing loss models, as well as
the overall and sex CPMBT models. All analyses presented herein are based on the baseline model. Figures 11 and
12 provide a summary of the risk profile curves. The rows show α, β, and κ, respectively. Each row presents the
profile risk curves across the five probabilistic levels, starting from 20% to 90%. In addition, each panel presents curves
overall (in red) and with respect to hearing loss (in green) or sex (in magenta and blue). Note that a higher probabilistic
level captures segments of the underlying population with more severe hearing loss. Moreover, as highlighted in Figure
6, the sample size of the hearing loss groups is not uniform and differs greatly between groups.

We start by examining Figure 11 and focusing on the age-specific intercepts α, representing the baseline hearing loss
level across age (hence providing a value for each age group). Note that our responses π̃f are log-proportions, meaning
that since the original proportions are between 0 and 1, the log-proportions range from −∞ to 0. This implies that
the smaller the proportion, the more negative the log-proportion becomes. As previously discussed, higher empirical
quantiles imply lower proportions since fewer individuals fail to detect higher dB levels, which therefore indicates a
greater degree of hearing loss for that specific proportion. For the α risk profiles, this means that the more negative
the α values, the smaller the proportion, indicating that fewer people in that age group are able to exceed the empirical

27



quantile. Consequently, as we move across empirical quantiles (from left to right), the α values become increasingly
negative, isolating segments with more severe levels of hearing loss.

A second aspect of this analysis is to observe how the α risk profiles behave across age for a fixed empirical quantile. In
practice, if the baseline average α decreases, the average proportion also decreases, suggesting that fewer individuals
exceed the empirical quantile threshold, which indicates worsening hearing levels for those proportions (and better
hearing for the remainder of the population that does not exceed the threshold). With this perspective in mind, we
start by looking at the overall baseline level of hearing loss α, shown in red in the first row panels. These age-specific
intercepts provide a global measure of baseline hearing loss for each age group and initially show a slight expected
decrease, followed by an increase, eventually stabilizing into a relatively flat pattern.
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Figure 11: Risk profiles by degree of hearing loss. Each row carries a specific profile, i.e. α, β and κf . The columns
represent the plots for the different probabilistic levels. While the x-axis of α and β corresponds to age, the panels
in the last row for κf show frequency on the x-axis. The y-axis corresponds to the range values for each profile.
Note that red lines represent the overall population risk profile curves, while green lines represent the profile curves
corresponding to degree of hearing loss categories.

One might expect the baseline hearing loss α to show a consistent decrease with age, suggesting higher proportions for
younger ages and lower proportions for older ages (possibly highlighting age-related hearing loss dynamics). However,
our quantile estimation method, which accounts for sample size variations across age groups, reveals a more nuanced
pattern of hearing loss progression. As age increases, the relative proportions do not decrease as expected because
the number of individuals exceeding the empirical quantile remains relatively stable relative to the total population
segment size. Consequently, the average proportion appears constant, indicating that the distribution of those able to
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detect sounds above the empirical quantile does not show a sharp decline. This observed pattern suggests that while
hearing loss may progress with age, its representation is complex. The findings are likely influenced by sample size
variations, particularly in older age groups, highlighting the critical importance of considering population demographic
characteristics in hearing loss analysis.

Next, we examine the α values for each degree of hearing loss. As with the overall α age-specific risk profiles, mov-
ing across the probabilistic levels yields lower values due to the decreasing proportions at higher empirical quantiles.
Furthermore, the distance between these risk profiles diminishes as we move to higher probabilistic levels because in-
dividuals with more severe hearing loss dominate these higher quantiles, leading to convergence in hearing thresholds.
This convergence indicates that at higher levels of hearing loss, the differences across age groups become less distinct,
reflecting the fact that severe hearing impairment tends to affect all ages similarly once a high threshold of impairment
is reached.
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Figure 12: Risk profiles by sex. Each row carries a specific profile, i.e. α, β and κf . The columns represent the
plots for the different probabilistic levels. While the x-axis of α and β corresponds to age, the panels in the last row
for κf show frequency on the x-axis. The y-axis corresponds to the range values for each profile. Note that red lines
represent the overall population risk profile curves, while coloured lines represent the profile curves corresponding to
the sex categories.

If we instead focus on each empirical quantile, it is evident that for higher degrees of hearing loss—specifically
moderate, moderately severe, and severe—there is a clear ordering where higher degrees of hearing loss present more
negative risk profiles, as expected. This ordering highlights that individuals with less severe hearing loss tend to
have better hearing thresholds, even at similar empirical quantile levels, leading to a stratification in the risk profiles.
The trend across ages is similar to the overall risk profile curve, where it initially decreases slightly with age before
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stabilizing or increasing. This trend is expected to diminish to reflect the gradual decline in hearing performance over
time, consistent with the natural progression of age-related hearing loss. As in the overall case, the trend remains
almost constant or even increases at higher ages due to the influence of sample size variability, which affects the
relative proportions and prevents them from decreasing as expected.

For individuals with slight and mild hearing loss, the α risk profiles exhibit the expected behaviour over age—i.e., a
consistent decrease in baseline hearing loss that becomes more pronounced at older ages. In these two hearing loss
segments, the sample sizes are considerably more uniform across age groups (see more details in the Supplementary
Information), resulting in more consistent relative proportions that diminish across age groups, thereby presenting
lower age-intercept risk profiles. This pattern indicates that the relative baseline risk of hearing loss in individuals with
slight and mild impairments is more predictable across ages, likely due to the steadier distribution of individuals in
these categories compared to the more severe groups, where sample sizes and hearing abilities vary widely.

After examining the α values, we now focus on the second rows of Figure 11, which depict the β parameters. For
visualization purposes only, we provided further plots of these profiles in the Supplementary Information. The β
parameter is crucial for understanding how sensitive the audiogram proportions π̃f are to changes in the hearing loss
trend (κf ). High β values indicate that the corresponding age group is highly sensitive to changes in the hearing loss
trend (κf ), resulting in more pronounced changes in audiogram proportions. Conversely, smaller β values indicate
that the audiogram proportions for those age groups are less affected by changes in the overall hearing loss trend.
Thus, the β parameters highlight how different age groups respond to variations in the frequency domain, providing
insight into the age-dependent sensitivity to changes in hearing performance.

Next, we examine the β risk profiles for the overall population (shown in red) to understand how sensitivity to changes
in the hearing loss trend (κf ) varies across age groups. Note that we smooth the risk profiles across age and, for the
severe category only, certain points were not interpolated. This information is instead captured by the high standard
deviation across such a curve provided in the shaded area in the Figure. Overall, β values looks fairly constant, with
slight increase from ages 40 to around 65-70, where they peak, and then decrease in the 70-85 age range. This slight
increase in the pattern suggests that individuals aged 65-70 might be at a critical point in their hearing health, with their
audiogram proportions being most sensitive to changes in the overall hearing loss trend (κf ). For these age groups,
changes in κf translate to more substantial changes in their audiogram proportions, potentially indicating that they are
at an age where hearing health is particularly dynamic and responsive to environmental factors or interventions.

Younger adults (ages 40-50) and the oldest age groups (75-85) exhibit lower β values, particularly at lighter hearing
loss levels, indicating less sensitivity in their audiogram proportions to changes in the overall trend. For younger
adults, this lower sensitivity suggests greater stability in hearing, making them less affected by overall hearing trends.
In contrast, for the oldest age groups, the lower β values may indicate that hearing loss has stabilized to some degree,
with further changes in κf having a limited impact on their already established hearing status.

Compared to the age-specific intercepts (α), the β parameters demonstrate more consistent values across the proba-
bilistic levels, indicating similar sensitivity to the hearing loss trend across all probabilistic segments. These findings
highlight the methodological potential of our risk profile approach in characterizing hearing loss progression. The
created risk profiles offer a novel framework for understanding age-related hearing variations, providing a data-driven
method to stratify population segments. Such profiles could potentially inform future research directions, such as
investigating whether specific age groups or hearing loss profiles might benefit from tailored intervention strategies or
hearing aid algorithms. Further investigations would be needed to validate these potential applications, but the cur-
rent approach demonstrates a promising approach to systematically capturing hearing loss dynamics across different
population segments.

We then focus on analyzing β parameters across various degrees of hearing loss and probabilistic levels to understand
how sensitivity to the hearing loss trend (κf ) varies depending on the severity of hearing loss. In general, β values
increase from age 40 to a peak around 65-70, then decrease from ages 70 to 85. This trend is most pronounced in
the slight and mild hearing loss categories, particularly at higher probabilistic levels (60%, 80%, 90%), likely because
these individuals retain more capacity for variation in hearing sensitivity compared to those with more severe loss.
The moderate hearing loss category closely follows the overall β trend, showing similar sensitivity patterns.

As hearing loss severity increases, the relationship between age and sensitivity to the trend (κf ) becomes increasingly
variable, particularly in the moderately severe and severe categories. For moderately severe hearing loss, the β risk
profile decreases until around age 45, then increases to align more closely with the patterns of other hearing loss cat-
egories. This suggests that individuals with moderately severe hearing loss experience a more pronounced sensitivity
to the hearing loss trend as they age, especially at higher probabilistic levels.

For the severe category, the β values exhibit a sudden increase around age 45, followed by a drop and stabilization as
probabilistic levels increase. This sudden peak might be due to differences in sample sizes, particularly as this category
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has the fewest individuals, which could lead to variability in the estimates. Nevertheless, the high sensitivity observed
at younger ages and the subsequent stabilization suggest that individuals with severe hearing loss have pronounced
changes in sensitivity early on, which then levels off with age. This variability implies that standard age-related
patterns may not apply consistently for individuals with severe hearing loss, highlighting the need for individualized
assessments to better understand and predict changes in audiogram performance.

Lastly, we focus on the last row of Figure 11, which presents κf , the trend in the proportions of hearing loss that is
consistent across all age groups for frequency f . κf represents a common trend in hearing loss across all age groups,
capturing the dynamic changes in hearing sensitivity over different frequencies. A higher level of κf corresponds to
more severe hearing loss, reflecting a stronger trend in hearing loss. Each risk profile reflects the relative dynamic
behaviour of hearing loss within its category, meaning that while slight hearing loss will not exceed the severity of a
severe category, it may exhibit faster changes across the frequency domain.

Furthermore, examining higher probabilistic levels shows consistently larger κf values, which indicate more severe
hearing impairments in these population segments (due to a reduction of their hearing abilities in the proportions
considered). This trend is particularly pronounced between 1000 and 3000 Hz, suggesting a critical range for hearing
loss. Low frequencies (125-500 Hz) show negative κf values, transitioning to positive in the mid-range (1000-2000
Hz), and increasing further at high frequencies (3000-8000 Hz). This pattern underscores the frequency-dependent
nature of hearing loss and highlights the importance of comprehensive audiometric testing across a wide frequency
range for early detection and intervention.

As the severity of hearing loss decreases, the trend shift within the 1000-3000 Hz range moves towards higher fre-
quencies, particularly around 2000-3000 Hz for milder cases. This frequency range is critical for speech recognition,
clarity, and overall communication ability. Hearing loss in this range can significantly affect a person’s ability to un-
derstand speech, especially in complex listening environments. Therefore, it is not surprising that a shift in the trend
pattern occurs precisely within this range. Additionally, in less severe hearing loss cases, higher frequency levels are
often more affected, explaining the shift toward higher frequencies. Given the importance of this frequency range for
speech recognition and clarity, this emphasizes the need for comprehensive audiometric testing across frequencies to
enable early detection and effective intervention, especially in cases of mild to moderate hearing loss.

The slight risk profile for hearing loss shows the most pronounced dynamic change in κf among all categories. It
starts at the lowest point and reaches the highest point throughout the frequency range, indicating that hearing loss
in this category is more pronounced at high frequencies than at low frequencies. As we move across the hearing
loss risk profiles, we observe a contrasting dynamic in the trend reference curves before and after the shift within the
1000-3000 Hz range. Although the slight hearing loss profile begins at a lower level compared to the severe category,
its steepness and endpoint are considerably higher. This suggests that mild hearing impairments are more affected at
high frequencies than at low frequencies. In contrast, more severe hearing loss categories tend to show a more uniform
pattern across the entire frequency spectrum. Notably, the overall population κf generally falls between the mild and
moderate hearing loss profiles, indicating that the overall trend represents an intermediate state between these two
categories.

We now perform an equivalent analysis by examining Figure 12. This time, we compare the risk profile curves for
the overall population with those of males and females. We begin by focusing on the age-specific α values. As the
probabilistic level increases from 20% to 90%, the α values become progressively more negative, indicating worsening
baseline hearing loss at more stringent probabilistic levels.

When examining age-related patterns, notable differences emerge between females and males. For females, a decrease
in baseline hearing loss is observed from ages 40 to 65, which is consistent with the expected trend—indicating worse
hearing with age progression. However, after age 65, there is an increasing trend in α, suggesting that the relative
proportions are increasing, leading to a reduced risk in terms of baseline hearing loss for females as age increases.
This is largely attributed to sample size variability, which affects the relative proportions and prevents them from
decreasing as expected. For males, an opposite trend appears. Between the ages of 40 and 50, there is an increase
in α, suggesting an improvement in baseline hearing loss. This is followed by a relatively flat trend until age 70,
after which the α values decrease again, indicating a worsening of baseline hearing loss. This fluctuating behaviour
becomes more pronounced with higher probabilistic levels, although the overall pattern remains consistent. This trend
may suggest that, while baseline hearing loss is generally expected to worsen with age (i.e., more negative α values),
the relative proportions for the male group increase initially, then decrease—showing a different trend compared to
females. This variability highlights the influence of sample size differences across age groups, which impacts the
consistency of hearing loss patterns within the male population.

We then move to the β risk profile, measuring the sensitivity of the audiogram proportions π̃f to the trend over
frequency κf . If we focus on the first probabilistic levels, the highest sensitivity for the male occurs at the age of
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60, while, for the females slightly later in time, at the age of 65. Moving across the probabilistic levels, these peaks
tend to be delayed, i.e. around the ages of 70 and 75, respectively, by the 90% level. Such a sensitivity increases and
decreases before and after these peaks, with the exception for the male showing a higher starting point than female
which decreases to then increase again, usually between 40 to 50 across higher probabilistic levels in particular. These
sex-based differences in β dynamics underscore the importance of considering sex when interpreting and predicting
changes in audiogram proportions. They also suggest that interventions and monitoring strategies may need to be
tailored not only to the degree of hearing loss but also to the sex of the individual, particularly in the earlier stages of
hearing impairment. As for the case considering hearing loss severity, the range of the β values remain fairly constant
across the probabilistic levels.

The parameter κf , representing the latent baseline hearing loss trend across frequencies, reveals distinct patterns when
comparing the overall population to subgroups by sex. For the overall population, κf values increase as frequency
rises, indicating a more pronounced hearing loss at higher frequencies. At the 20th probabilistic level, κf ranges
from -0.73 at 125 Hz to 0.61 at 8000 Hz, suggesting a shift towards more severe hearing loss at higher frequencies.
This trend is consistent across other percentiles (40%, 60%, 80%, and 90%), with increasingly higher κf values
corresponding to more severe hearing loss. When comparing between sexes, females tend to have lower κf values
across most frequencies, particularly at lower thresholds, implying a generally lower baseline hearing loss compared
to males. For instance, at the 20th probabilistic level, females have a κf of -0.57 at 125 Hz compared to -0.73 for
the overall population, while at 8000 Hz, the κf for females is 0.52 versus 0.61 for the overall population. These
findings suggest that males may experience more severe high-frequency hearing loss compared to females, especially
as hearing loss progresses. The increase in κf across higher percentiles further confirms that the severity of hearing loss
is more substantial in men, particularly at high frequencies, underscoring the importance of considering sex-specific
differences when modelling hearing loss dynamics.

5.6 Extended Model with Partial Linear Regression Results

This section presents the results of the extended model, estimated using the partial linear regression method introduced
in Subsection 3. After estimating the baseline model, we applied the partial estimation method to calculate the coeffi-
cients γQ and γN , which quantify the relationship between the speech test proportions and each individual audiogram
frequency πf . Subsequently, these coefficients were evaluated using a two-sided t-test to test the null hypothesis that
each coefficient is equal to zero. Formally, this consists in

H0 : γi = 0

H1 : γi ̸= 0
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Figure 13: Heatmaps show the extended model speech estimate coefficients γQ (left) and γN (right) for models fitted
on the overall hearing loss population. Each heatmap row represents a model fitted at a specific probabilistic level. For
instance, the bottom row of the left heatmap displays partial linear regression coefficients for the speech test in quiet at
the 20% probabilistic level, while the corresponding row of the right heatmap shows coefficients for the speech test in
noise at the same probabilistic level. The x-axis represents audiogram frequencies. Statistically significant estimates
(based on a two-sided t-test) are coloured in white, while non-significant estimates are coloured in red.

The test statistic used is the t-statistic, calculated as

t =
γ̂i

σ̂γ̂i
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where γ̂i is the estimated value of the coefficient for the i-th speech test, and σ̂γ̂i is the standard error of γ̂i. The
t-statistic follows a t-distribution with n − k degrees of freedom, where n is the sample size and k is the number of
predictors (including the intercept) in the model, given as

t ∼ t(n− k)

The significance of each coefficient is assessed using the t-statistic and associated p-value, with coefficients having
p-values below 0.05 deemed statistically significant. Results are visualized in two heatmaps: one for speech-in-quiet
estimates (γQ) and another for speech-in-noise estimates (γN ). The x-axis represents audiogram frequencies, while
the y-axis indicates different probabilistic levels. Each row corresponds to the same probabilistic level, facilitating
direct comparison of estimates across tests. Cells display the estimated γ coefficient, with color indicating statistical
significance, highlighting variations across frequencies and levels. Findings are first presented for the overall popula-
tion, followed by breakdowns by degree of hearing loss and sex. Detailed results are in Supplementary Information,
Section 13.

Figure 13 shows estimates for the overall population. The left panel presents speech-in-quiet coefficients (γQ), while
the right panel shows speech-in-noise coefficients (γN ). As the probabilistic level rises, the model captures more
severely impaired populations. Speech-in-quiet coefficients are significant at extreme audiogram frequencies, espe-
cially at higher levels, while speech-in-noise coefficients show more overall significance. Notably, all speech-in-noise
coefficients are significant at the first level, indicating potential overfitting, as none are significant at the 40% level.

The heatmaps in Figure 14 present results stratified by degree of hearing loss, with speech-in-quiet coefficients on the
left (γhi

Q ) and speech-in-noise on the right (γhi

N ). Each subplot row corresponds to a model for specific hearing loss
degrees.

In the slight hearing loss category, significant estimates mainly come from speech-in-noise, with few speech-in-quiet
estimates significant, except at the 90% level. Significant speech-in-noise coefficients appear at frequencies like 500,
750, 2000, 3000, 4000, 6000, and 8000 Hz. As the probabilistic level increases, significant estimates decline, suggest-
ing reduced relevance of speech-in-noise.

For the mild hearing loss category, speech-in-quiet shows increased significant estimates compared to the slight cate-
gory, especially at the 20% level. At 90%, nearly all estimates are significant except at 3000 Hz.

In speech-in-noise for the mild category, significant estimates are concentrated in the higher frequency range (2000 to
8000 Hz), indicating stronger relevance for high-frequency audiogram measures.

In the moderate hearing loss category, speech-in-quiet coefficients show increased significance across most frequen-
cies. However, as severity increases, significant estimates decrease, while speech-in-noise remains significant at higher
frequencies (4000 to 8000 Hz) across nearly all levels, with additional significant frequencies at 750, 1000, 1500, and
2000 Hz for the first probabilistic level.

Notably, the 1000 Hz frequency shows statistically significant coefficients across most probabilistic levels, with the
exception of the last level. Compared to the mild hearing loss case, lower frequencies tend to show more significance
in the moderate category, particularly at 125 Hz. Therefore, in general, for moderate hearing loss, speech-in-quiet
estimates are more frequently significant, and a similar trend can be observed for low-frequency estimates in speech-
in-noise.

The following set of heatmaps presents the coefficient estimates for speech tests in the moderately severe hearing
loss category. Focusing on γh4

Q (speech-in-quiet estimates), we observe a lower number of statistically significant
coefficients, particularly at higher probabilistic levels where most coefficients lack significant p-values. However,
as probabilistic levels decrease, this trend reverses, with the majority of coefficients becoming significant. Notably,
across almost all probabilistic levels, the 500 Hz audiogram frequency consistently shows significant coefficients.

The heatmap for γh4

N (speech-in-noise estimates) shows significantly fewer significant coefficients compared to the
moderate hearing loss case, indicating reduced statistical significance for both tests, particularly speech-in-noise, in
the moderately severe hearing loss group.

For severe hearing loss, almost none of the coefficients are statistically significant across audiogram frequencies.
Speech-in-quiet shows fluctuating significance, with nearly none for slight and severe cases and a mixed pattern for
moderate cases. In contrast, speech-in-noise coefficients exhibit several significant estimates across slight, mild, and
moderate categories, influenced by audiogram frequencies and probabilistic levels. The limited sample size in the
severe group may affect these results.
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Figure 14: Heatmaps for the extended model speech estimate coefficients γhi

Q (left) and γhi

N (right) for the models
fitted by degree of hearing loss, with hi representing the different PTA categories and i ∈ {1, . . . , 5}. The first
set of heatmaps corresponds to the ones for slight hearing loss, followed by mild, moderate, moderately severe, and
severe. Each heatmap row represents a model fitted at a specific probabilistic level. The same logic applies to each
row as explained in Figure 13. The x-axis represents the audiogram frequencies. Cells corresponding to statistically
significant estimates (based on a two-sided t-test for a coefficient different from zero) are coloured in white, while
non-significant estimates are coloured according to the hearing loss colour, i.e. slight, mild, etc.

34



These findings should be considered in the context of the LRT results. The LRT demonstrated that the extended model
significantly improves model fit for slight, mild, and moderate hearing loss categories, particularly at the 20%, 40%,
and 60% quantile levels. This aligns with the observed coefficient significances, suggesting that the speech test coef-
ficients for these hearing loss categories are more informative. Conversely, the lack of significant LRT improvements
for moderately severe and severe categories corresponds with the limited coefficient significance observed in these
groups. The limited sample size in the severe group may further influence these results and should be considered when
drawing conclusions.

Next, Figure 15 presents coefficient estimates from extended models stratified by sex, revealing distinct patterns.

In the left heatmaps for speech-in-quiet (γs1
Q for females and γs2

Q for males), females show significant estimates mainly
at the first probabilistic level (20%), except for 2000 Hz. None are significant at the second level, and fewer remain
significant at the third and fourth levels, concentrated at the highest and lowest frequencies. Thus, significance declines
for females as the probabilistic level increases.
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Figure 15: Heatmaps for the extended model speech estimate coefficients γsi
Q (left) and γsi

N (right) for the models
fitted by sex, with si representing females and males, respectively, and i ∈ {1, 2}. The top heatmaps refer to the
model fitted on the females, while the bottom heatmaps to the ones of the males. Each heatmap row represents a
model fitted at a specific probabilistic level. Same logic applies to each row as explained in Figure 13. The x-axis
represents audiogram frequencies. Cells corresponding to statistically significant estimates (based on a two-sided t-test
for a coefficient different from zero) are coloured in white, while non-significant estimates are coloured according to
the selected sex color.

For males, all estimates at the first level are significant except at 1500, 2000, and 3000 Hz. While significance decreases
at 40% and 60%, it increases again at higher levels. Therefore, speech-in-quiet becomes more significant for males as
hearing loss severity increases, contrary to the trend for females.

In the right heatmaps for speech-in-noise, significant patterns between sexes persist. Females show significant esti-
mates across nearly all probabilistic levels, except the last, with no significance at higher frequencies (2000 to 8000
Hz). Males have nearly all coefficients significant at the first level, except for 125 Hz, but as probabilistic levels rise,
significance shifts toward lower frequencies (from 1500 Hz to 125 Hz).
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In summary, females and males demonstrate distinct patterns of coefficient significance for speech tests. These dif-
ferences align with the LRT results, which showed significant model improvements at lower quantile levels. The
frequency-specific significance of speech-in-noise coefficients suggests that these tests provide complementary infor-
mation to audiogram measurements, particularly in characterizing hearing loss variations across different frequency
ranges.

6 Discussion & Conclusion

The present study aimed to establish a comprehensive framework for assessing hearing loss through the formulation
and application of advanced statistical modelling, specifically the state-space model corresponding to the CPMBT
model. This model integrates information from audiograms and speech tests to develop standardized risk profiles
and inference procedures designed to characterize differences within population segments. The findings of this study
provide significant insights, which we discuss in relation to the two main sets of hypothesis testing challenges that
were denoted as problem statements (PS1 and PS2), the statistical inference results, and the outputs of the partial
linear regression analyses.

This study developed a framework for assessing hearing loss using a state-space modelling approach, implementing
the CPMBT model family, which encompasses both baseline and extended model variants. These models integrate
audiogram and speech test data to create standardized risk profiles. The findings are discussed through the lens of two
primary problem statements (PS1 and PS2), statistical inference results, and partial linear regression analyses.

We introduced a novel method for defining hearing loss risk profiles based on the regression relationships studied be-
tween pure-tone audiometry and speech tests, which allow for personalized assessments and comprehensive population
characterization. Our model enables detailed analysis of age and frequency dynamics critical for monitoring hearing
loss and quantifies the relationship between speech tests and audiogram frequencies, providing essential insights for
hearing loss progression. The methodologies developed here facilitate comparisons across different population seg-
ments.

Statistical inference tests, including the Vuong Test and Likelihood Ratio Test (LRT), evaluated model efficacy. PS1
assesses differences within the same class of models, revealing that both baseline and extended models identify sig-
nificant differences among overall and subgroup populations. The extended model incorporates speech tests, demon-
strating a nuanced understanding of variations, especially at lower quantiles.

PS2 evaluates differences between the baseline and extended models, showing that the extended model significantly
outperforms the baseline, particularly for lower quantiles associated with less severe hearing loss. This effectiveness
is reflected in both the Likelihood Ratio Test results and the partial regression coefficient significances. The improve-
ments extend to both sexes, with significant results at lower quantiles, although the statistical significance diminishes
at higher quantile levels.

The CPMBT model’s risk profiles offer insights into hearing loss dynamics across age, frequency, and severity. Pa-
rameters α, β, and κf reveal that α increases with age, particularly in severe categories, and shows notable gender
differences. The parameter β indicates sensitivity to hearing loss trends, showing distinctive variations with a notable
peak around ages 65-70, as detailed in the risk profile analysis. The κf parameter varies by severity, reflecting greater
deterioration at higher severities.

Partial linear regression analysis reveals significant distinctions in frequency-specific coefficient estimates for speech
recognition tests (SRT in noise and quiet). These tests provide insights into speech perception across different hearing
loss severities, with speech-in-noise tests showing particular significance for slight to moderate hearing loss (lower
severity categories), and speech-in-quiet tests becoming more informative for severe hearing loss categories. The
analysis highlights the complementary nature of speech tests in characterizing hearing loss, with varying contributions
across frequency ranges and hearing loss categories.

Sex-based differences in coefficient significances reveal distinct patterns of speech test estimates across frequencies.
While the current analysis suggests differing significance for speech tests between females and males, these observa-
tions require further investigation to establish their clinical relevance. The study underscores the potential value of
comprehensive, individualized hearing assessments that consider multiple assessment methods.

Importantly, this study is based on an observational design, which introduces variability in sample sizes across different
population segments. Such variability has a direct impact on the uncertainty of the estimates obtained, especially where
sample sizes are relatively small, leading to increased variance. Despite this, our approach maintains robustness in
revealing meaningful trends in hearing performance across the population.
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Another key aspect of this study is its methodological nature. The CPMBT models presented here provide a method
to derive risk profile curves that can be used to assess hearing loss. To capture evolving population dynamics and
reduce estimation uncertainty, these curves should be periodically updated (we recommend constructing these curves
annually, semi-annually, or even quarterly to ensure that the derived risk profiles remain relevant and informative) as
new data becomes available. This approach allows for more precise tracking of hearing loss trends and refinement of
risk profile estimates.

Additionally, while the current study offers an interpretation of general patterns, it is crucial to acknowledge that
these patterns are influenced by multiple factors, including age structure, gender distribution, and the severity of
hearing loss across the population. The complexity of hearing loss dynamics underscores the necessity of using
a state-space model to define risk curves, which provide a structured approach to explaining population segment
variations in hearing loss prevalence. The CPMBT model allows us to understand how these dynamics evolve over
time, offering a benchmark for risk assessment that could be influenced by various other factors, such as socio-
demographic characteristics, comorbities/other health-related variables or environmental exposures, which are not
included in the present work but could be explored in future studies.

In conclusion, this research highlights the need for advanced modelling techniques to enhance hearing loss assess-
ment, advocating for a personalized approach that integrates speech and pure-tone audiogram data. Future research
should investigate the interplay between individual factors and hearing outcomes to improve diagnostic accuracy and
intervention strategies. Moreover, continuous updates of risk profiles are recommended to ensure their applicability
and precision in real-world contexts, as population characteristics evolve over time.
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